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Abstract

Two main approaches exist for numerical computation of multiphase flow models. The im-
plicit methods are efficient, yet inaccurate. Better accuracy is achieved by the explicit methods,
which on the other hand are time-consuming.

In this paper we investigate generalizations of a class of hybrid explicit-implicit numerical
schemes [SIAM J. Sci. Comput., 26 (2005), pp. 1449-1484], originally proposed for a two-fluid
two-phase flow model. We here outline a framework for extending this class of schemes, denoted
as WIMF (weakly implicit mixture flux), to other systems of conservation laws. We apply the
strategy to a different two-phase flow model, the drift-flux model suitable for describing bubbly
two-phase mixtures. Our analysis is based on a simplified formulation of the model, structurally
similar to the Euler equations. The main underlying building block is a pressure-based implicit
central scheme. Explicit upwind fluxes are incorporated, in a manner ensuring that upwind-type
resolution is recovered for a simple contact discontinuity.

The derived scheme is then applied to the general drift-flux model. Numerical simulations
demonstrate accuracy, efficiency and a satisfactory level of robustness. Particularly, it is demon-
strated that the scheme outperforms an explicit Roe scheme in terms of efficiency and accuracy
on slow mass-transport dynamics.
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1 Introduction

Numerical methods for hyperbolic conservation laws may be divided into two main classes; the ex-
plicit and the implicit methods. For each wave velocity A; associated with the system, the stability of
explicit numerical schemes is subject to the CFL criterion
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whereas suitably chosen implicit numerical schemes are unconditionally stable with respect to the
time step. However, this improved robustness comes at the price of impaired accuracy.

Consequently, when there is a large disparity between the various eigenvalues A;, a possible tech-
nique is to split the system into its full wave decomposition and then

e resolve the fast waves by an implicit method;
e resolve the slow waves by an explicit method.

By this, one aims to obtain an accurate resolution of the slow waves without being hampered by
stability requirements pertaining to the fastest waves.

Such hybrid explicit-implicit methods are most naturally obtained in the context of approximate
Riemann solvers; see for instance [7] or [15, 24] for applications to two-phase flows.

However, this full wave structure decomposition is generally computationally costly; in particular,
this is the case for standard two-phase flow models [6, 31]. Efficiency considerations motivated us to
consider alternative strategies for numerically identifying the various waves of the two-phase system.
In a series of papers [10, 11, 12], we investigated a flux hybridization technique, where upwind res-
olution was incorporated into a central pressure-based scheme by a splitting of the convective fluxes
into two components.

In [10, 11, 12], we considered the two-fluid two-phase flow model. The primary aim of this paper
is to extend the WIMF scheme of [11, 12] to the related drift-flux two-phase flow model, allowing us to
violate the CFL criterion pertaining to the sonic waves while recovering an explicit upwind resolution
of a certain class of material waves. This allows for improved efficiency as well as accuracy compared
to fully explicit methods.

Furthermore, we discuss in more detail how appropriate flux hybridizations may be obtained from
an analysis of known linear phenomena associated with more general models. In this respect, we aim
to shed some light on how the WIMF approach may be extended to other systems of conservation
laws.

Our paper is organized as follows: In Section 2, we present the drift-flux model we will be working
with. In Section 3, we construct an implicit central scheme for the drift-flux model, based on ideas
developed in [11, 12, 14]. In particular, we propose a linearized scheme able to preserve a uniform
pressure and velocity field.

In Section 4, we outline a framework for a general construction of WIMF-type schemes. In Sec-
tion 5, we apply this framework to hybridize the implicit central scheme with an explicit upwind
scheme — in such a way that the upwind flux is precisely recovered for a special class of moving or
stationary contact discontinuities, while allowing for violation of the sonic CFL criterion. In particu-
lar, the resulting WIMF scheme preserves such contacts when the CFL number is optimally chosen.

In Section 6, we present numerical simulations where we compare the behaviour of the WIMF
scheme to a fully explicit approximate Riemann solver. The results of the paper are summarized in
Section 7.

2 The Two-Phase Flow Model

To avoid excessive computational complexity, workable models describing two-phase flows in pipe
networks are conventionally obtained by means of some averaging procedure. Different choices of
simplifying assumptions lead to different formulations of such models [30, 32].

The models may be divided in two main classes:
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e two-fluid models, where equations are written for mass, momentum and energy balances for
each fluid separately.

e mixture models, where equations for the conservation of physical properties are written for the
two-phase mixture.

Mixture models have a reduced number of balance equations compared to two-fluid models, and
may be considered as simplifications in terms of mathematical complexity. The missing information
must be supplied in terms of additional closure laws, often expressed in terms of empirical relations.
A more detailed study of the relation between two concrete two-phase models, one two-fluid model
and one mixture model, can be found in [13].

When the motions of the two phases are strongly coupled, it would seem that mixture models
present several advantages [S]. Mathematical difficulties related to non-conservative terms and loss of
hyperbolicity, commonly associated with two-fluid models, may be avoided. Some physical effects,
such as sonic propagation, may be more correctly modelled [16]. Finally, the simplified formulation
of the mixture models may allow for more efficient computations for industrial applications [25].

For these reasons, mixture models are of significant interest both to the petroleum and nuclear
power industries [35]. The particular model investigated in this paper is termed the drift-flux model —
it is in widespread use by the petroleum industry for modelling the dynamics of oil and gas transport
in long production pipelines [24, 25, 28].

2.1 Model Formulation
Following [8], we express the model in the form below:

e Conservation of mass

d 0
o (pecte) + o (Petteve) = 0, 2
i (peate) + i ( )=0 3
— (pecx — (peagve) =0,
91 POy o PeleVe
e Conservation of mixture momentum
a d ) )
3 (petteve + pratevy) + I (,Ogagvg + pectpv; + P) =0, 4
where for phase k the nomenclature is as follows:
pr - density,
vy - velocity,
o - volume fraction,
p - pressure common to both phases,
QO - non-differential momentum sources (due to gravity, friction, etc.).
The volume fractions satisfy
g +ap = 1. 5)

Dynamic energy transfers are neglected; we consider isentropic or isothermal flows. In particular, this
means that the pressure may be obtained as

P = pg(pg) = pe(pe). (6)
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2.1.1 Thermodynamic Submodels

For the numerical simulations presented in this work we assume that both the gas and liquid phases
are compressible, described by the simplified thermodynamic relations

P — Do

pe = peot+—> (7
ay
and
p
pe = — )
ag
where
po = 1bar = 10° Pa
pe.o = 1000 kg/m?,
a; = 10° (m/s)*
and

a; = 10° m/s.

An exception is the numerical example of Section 6.4, where the gas compressibility is altered so that
a previously published solution may be reproduced.

2.1.2 Hydrodynamic Submodels

As the model employs a mixture momentum equation, additional supplementary relations are required
to obtain the information necessary for determining the motion of each phase separately. These con-
stitutive relations, sometimes referred to as the hydrodynamic closure law [1], may be expressed in
the following general form

vg — vg = P(p, ag, vy). &)

The relative velocity v, = v, — v, between the phases is often referred to as the slip velocity; for this
reason, the closure law (9) is also commonly known as the slip relation.
Of particular interest is the Zuber-Findlay [36] relation

vy = K(atgvg + agvg) + S, (10)

where K and S are flow-dependent parameters. This expression is extensively used and is physically
relevant for a large class of mixed flow regimes, see for instance [3, 18, 21].

Remark 1. For industrial cases, ® is commonly stated as a complex combination of analytic expres-
sions valid for particular flow regimes, experimental correlations, and various switching operators.
For practical purposes, it may be considered as a black box. Hence, it is desirable to obtain numerical
schemes whose formulation are independent of the particular form of ®. This aim will be achieved in
this paper, although for simplicity, the numerical test cases we investigate will mainly be based on the
Zuber-Findlay relation (10).
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3 An Implicit Scheme

In the context of two-phase flows, the implicit schemes currently in use may be divided into two main
classes:

e Pressure-based schemes, based on methods originally developed for single-phase gas dynam-
ics [27]. Examples include the OLGA [4] and PeTra [23] computer codes developed for the
petroleum industry. These schemes typically require the construction of a staggered grid, and
care must be taken to avoid numerical mass leakage.

e Approximate Riemann solvers, for instance the Roe scheme of Toumi [35] or the rough Go-
dunov scheme of Faille and Heintzé [15]. Such schemes are formally conservative and enforce
an upwind resolution of all waves; however, they are computationally expensive.

For a nice overview of different numerical schemes from both classes, applied to two-phase mod-
els, we refer to the recent book [29]. The approach we take in this work represents an attempt to unify
the above two different classes. In particular, we propose in this section a central pressure-based
scheme of the kind investigated in [14]. Here we follow the standard pressure-based approach of
splitting the system into pressure and convection parts, and coupling the pressure calculation to the
convective fluxes.

3.1 The Central Pressure-Based Scheme
We consider a spatial grid of N cells, each of size Ax, indexed by

jell,...,NIL (11)
Furthermore, the time variable is discretized in steps Az, indexed by the letter n as follows:

" = 1"+ nAt. (12)
Now to adapt the schemes of [11, 12] to the drift-flux model, we divide the calculation into two stages:

1. Flux linearization: We formulate linearized evolution equations for the convective mass fluxes,
which are solved implicitly coupled to the pressure p;’ill s»- This is described in Sections 3.1.3—
3.1.6.

2. Conservative update: Then, in Sections 3.1.7-3.1.8, we describe how to use these fluxes to
update the conservative variables while maintaining consistency with the slip relation (9).

3.1.1 Flux Splitting

We write the two-phase flow model (2)—(4) in vector form

oU JF)
— 4+ —— =Q(U), 13
” + o Q) (13)
with
Py Pglglg 0
U= Pete , FU) = Pe0t Vg , QU)=1]0 (14)
PgllaVg + PeoteVy /Og‘xgvé + peoy U% +p o
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Following [14], we consider a splitting of the flux into convective and pressure parts as follows:

F(U) = G(U) + H(U), (15)
PgllgVg 0

GU) = Pedteve , HU)=| 0 |. (16)
pgagvé + pmv% p

3.1.2 Pressure Evolution Equation
The following partial differential equation holds for evolution of the pressure variable:

ap ] ]
E + era_x (pgagvg) + K/Oga_x (peagve) =0, (17)

where |
K = . (18)
(0pe/0p) peatg + (3pe/Ip) peoe
The derivation is based on the mass equations (2)—(3), and is detailed in [10, 11]. In Section 3.1.3—
3.1.5 we mainly deal with the numerical flux associated with the G component, whereas the numerical

flux associated with H is treated in Section 3.1.6.

3.1.3 Convective Flux Linearization

A flux-conservative discretization of the mass equations (2) and (3) reads

(:‘)ko‘k)?Jrl — (oka)}  (praxvr) 172 — (PROKVR) j-1)2 _
+ =0, 19)
At Ax
where k € g, £. In [14], we argued that the modified Lax-Friedrichs fluxes
— 1 n+l n+l 1 Ax n n
(Oreive) j4172 = 5 ((,Okakvk)j + (pkakvk)j+1> t A ((oreu)t = (oee)}yy) . (20)

with an implicit central flux approximation and an explicit numerical viscosity, naturally lead to a
numerically well-behaved pressure-momentum coupling. For the two-fluid model, the momentum
variables are solved separately, so (20) directly gives rise to a linearly implicit scheme as described in
[11,12].

However, for the drift-flux model, the individual momentum variables are generally connected
through a nonlinear slip relation. Consequently, a scheme based directly on the fluxes (20) may
require an iterative solution procedure. This is undesirable.

Hence we propose to replace the expression (20) with a linearly implicit approximation:

1 Ax

— 1, —
(PR Vk) j4+1/2 = 3 ((orexve) j + (Proive) j41) + 1 A7 ((oxen) = (pren)'} 1) (21)
where the linearization
(okivi) j = (orouvi)’y + O(AD ~ (prenv) ;! (22)

will be defined in the following.
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3.1.4 Convection Evolution Equations

We seek a linearization (21) satisfying the following requirements:
R1: The linearization should be independent of the particular choice of slip relation ®;
R2: The linearization should preserve a uniform velocity and pressure field.

These considerations suggest that we should base the linearization on the slip relation ® = 0, equiv-
alently expressed as v = v, = v,. If we linearize around this condition, the following evolution
equations hold for the momentum variables:

d d mgdp m
or (peeave) + 5 (paon}) + Z2 55 = Z£0 +O(@) 23)
and 5 5 5
2 mgyop my
e _ = O(d), 24
5 (peatgve) + 5z (pectevy) + b ax T o 0+ 0(®) (24)
where we have used the shorthands
mi = PrO, P = Pglg + Pyoty. (25)

A derivation of these equations may be found in [13]. In the following, we will use precisely (23) and
(24) as the basis to obtain the approximation (22).

3.1.5 Convective Flux Evaluation

We discretize (23) and (24) as
o . /-\_/2 B /—\_/2
(PglgVg) j — (PgltgVy)’; n (pgotgvg)jH/Z ('Ogagvg)j—lﬂ

At Ax

1 1 —
" <@>" p?ilﬂ - p;’fl/z _ (—Q)
P/, Ax P/,

(26)

and

2 2
— PeOlpV — | POV
(,OeOlez)j - (Peazvz)? " ( Z)/+1/2 ( e>j—1/2

At AXx
n n+l n+1 —_~
my pj:::]/z - ijl/z mg
L) D2 Timie_ (Teg)
P/ Ax b7

That is, the mass flux (ozaxvy) j112 is defined by (21), (26), and (27). Here we must specify the fluxes

27

p;’ii 1, and (,okozk v,%) , and we start with the latter. The pressure flux is specified in Section 3.1.6
j+1/2

since it also directly appears in the H component given in (16). Following [14], we use linearized
modified Lax-Friedrichs fluxes also for momentum convection, consistent with (21), giving

P

— 1 — X
(pgagvé)j+l/2 = _(vg : pgagvg)j + E(vg : pgagvg)j+1 + _A_t ((pgagvg);l' - (pgagvg);l'+1) (28)

2 4
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and

> I — I, — X n "
(pectevy) jr12 = E(v[ © PeQeVe) j + E(U[  PegVg) 11+ ZA_I ((Peazvz)j - (PN@W)]-H) . (29)

By this linearization, the numerical flux associated with the full convective flux vector G in (16) is the
following one

(@) j¥172
éj+l/2 = o (PEWW)/J;I/\Z/ . 30)

(pg0tgV3) j+172 + (Pe0teV?) j+1/2

3.1.6 The Pressure Flux

The pressure flux p’j’ﬂ 1 1s obtained through the following discretization of the pressure equation (17):

+1 1 —_~— —_—~
Pisip = 2pj + Py ¥ [kpy] (PegVg) j+1 — (PglgVg)

At Ax

(Pe@rve) j41 — (Peeivy)
+ [Kepe] ’ ’

A =0. (31

Note that the equations (26) and (27) (together with (28) and (29)) are solved implicitly coupled with
the discretization (31). These equations constitute a linear system Ax = b, where A is a banded matrix
with two subdiagonals and two superdiagonals. This is fully analogous to the pressure-momentum
coupling used in [11, 12].

Following [10, 12], the coefficient variables [-] = (-)"_ , , are obtained from the following rela-

J+1/
tions:
1
Qp,jr1/2 = E(ak,j + g jv1), (32)
1
Pr.j+1/2 = E(pk,j + Pk j+1) (33)
for phase k.

3.1.7 Conservative Update

Having obtained the flux component G j+1/2, as given by (30), as well as

0
Hj 1= 0 (34)
n+1
Pjtip

through the implicit couplings (26), (27) and (31), we may formulate a conservative scheme as fol-

lows: "
U -y LB —Fip

At Ax

=Qj, (35)

where

Firip=Gjrip+Hj)m. (36)

Hence we have formulated a fully conservative, linearly implicit scheme.
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3.1.8 Physical Variables

From the components (U, U,, U3);f+1 of the conservative variables U?“, we may obtain physical

variables (p, ay, vy, vy as follows:

)l’l+l
J
e Mass variables. We may write ag + oy = 1 as

U U,
pe(p)  pe(p)

(37

which may be solved for p and consequently .

e Velocities. The velocities v, and v, are obtained from simultaneously solving the equations

Us; = U1Ug+U2Ug (38)
O(p, ag, vg). (39)

Ug—Ug

As noted in [14], our central pressure-based schemes are strongly related to the FORCE scheme
studied by Toro [34], and fall into a class we denoted as X-FORCE (eXtended FORCE) schemes [14].
This motivates the following terminology:

Definition 1. The numerical scheme described in Section 3.1, applied to the drift-flux model described
in Section 2, will for the purposes of this paper be denoted as the p-XF (pressure-based X-FORCE)
scheme.

4 The WIMF Scheme

The p-XF scheme derived above evolves both the convective and pressure fluxes in an implicit manner,
and hence is potentially stable under violation of the CFL criterion (1) for the various wave speeds A;.

On the other hand, the scheme reduces to an implicit modified Lax-Friedrichs scheme for linear
advection. The goal of this section is to hybridize the p-XF scheme with an explicit advection upwind
scheme, such that the hybrid scheme provides:

e An implicit central approximation of pressure waves, allowing for a stable resolution of such
waves under violation of the sonic CFL criterion.

e An explicit upwind approximation of material waves, allowing for more accurate resolution of
such waves.

To this end, we follow the WIMF strategy introduced in [11]. Using this approach, we avoid a
full decomposition of the system into sonic and material waves. Rather, a key idea behind the WIMF
approach is that an approximate wave splitting, based on simple linear solutions inherent in the model,
may be sufficient for practical computations.

In the following, we first discuss how we may go about extending the WIMF scheme of [11, 12]
to more general conservation laws. In Section 5, we then present a particular WIMF scheme adapted
to the general drift-flux model. Here we obtain an approximate wave splitting by analysing linear
phenomena associated with the ® = 0 model, and apply this splitting to the general case of arbitrary
.



10 Evje, Flatten and Munkejord

4.1 A General Framework
We consider the system of conservation laws

U N IFU)
ot ax

0, (40)

where U is an N-vector.
We now assume that the vector of conserved variables can be expressed in terms of reduced
variables u(U) and v(U), i.e.
U=U(u,v), (41)

where p and v are also N-vectors. This may be expressed in differential form as

ou ou
dU=\{—) du+|——) dv. (42)
o/, aw/,

We are concerned here with identifying certain aspects of the model that we want to resolve in
detail. In the current context, we wish to identify linear phenomena associated with the model. Hence
we assume that the splitting (42) can, and has been, chosen such that (40) supports a linear wave
solution in p; in particular, we assume that

dv=0 (43)
implies ) ;
n n
— TA—=0 44
ot + 0x (44)

for some constant wave speed A(v).
Such a linear solution may potentially be recognized from physical considerations; in Section 5
we consider the linear advection resulting from assuming a uniform pressure and velocity field.

4.1.1 Motivation

For an accurate resolution of these linear waves, we would like our hybrid scheme to reduce to the
explicit upwind scheme for the particular solution (44). In particular, if (43)—(44) hold, the numerical
flux should satisfy

Fip,= FW!) fori>0, (45)

Fjip= FU},) fori<0.
We now assume that we have at our disposal the following building blocks:
1. Some explicit flux FY satisfying (45), but not necessarily stable under CFL violation;
2. Some implicit flux F', stable under CFL violation, but not necessarily satisfying (45).

In the following, we will seek an expression for a Aybrid numerical flux based on the components F!
and FY, combining the desirable features of both, for a model where appropriate variables g and v
can be identified.
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4.1.2 The Reduced Evolution Equations

We observe that (40) may be manipulated to yield evolution equations for g and v:

ad oU oFU ad op oF(U
op (3U  OF)) _ dp  owdEU) (46)
oU \ ot ox ar  dU ox
av (0U 0F(U) dv  dv dF(U)
(= = 4+ — = 0. 47
E)U(Bt+ ox ) 8t+8U ox “7)
A semi-discrete formulation of (46) and (47) reads:
du ; 9 F* —F%
Sl A TN B ROV B V) 0, (48)
dr ou |; Ax
dv; v F;+1/2 - F;71/2
hae) | e JmE . 49
dr +|:8U:|j Ax “49)

As stated in the previous section, it is desirable to use an upwind flux to resolve the linear phe-
nomenon associated with g and an implicit flux for the variables v that do not take part in the linear
wave. Hence we take:

FS'L+1/2 = F}jﬂ/z’ (50)
Fj‘+1/2 = F£'+1/2- &)

4.1.3 A Non-Conservative Method

By integrating over the cell j and taking the time derivative, we can rewrite the definition (42) as

du; U dp; aU dv;
= ) + = l (52)
dr om/,1; d av J, | dr

: J

By (48)—(51), this can be reformulated as a non-conservative semi-discrete scheme for U directly:

%4_ au\ o FE'J+1/2_FE‘J7]/2+ auy  dv FIjJr]/Z_F}fl/Z —0 (53)
dt au/,aU ], Ax v/, dU | Ax S
J

This scheme is derived from the motivations stated in Section 4.1.1 and is consequently expected
to combine the benefits of an explicit and implicit flux in a desirable manner. However, a major
drawback is that the scheme (53) is not in conservation form. This has several negative consequences;
the most serious of which being that the scheme will generally not converge to the correct solution in
the presence of discontinuities [22]. Hence we do not propose to use (53) for practical computations.
Rather, we want to use (53) as a guideline for constructing a more appropriate scheme in conservation
form, while retaining the properties that formed the motivation for (53).

4.1.4 The WIMF Flux Hybridization

In this section, we modify the scheme (53) so that it can be written in conservation form:

n+1 n
U U Enp=Fip
At Ax

0, (54)
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with an appropriately chosen numerical flux function F; 5.
Our starting point is the observation that (53) does take such a form for the special case that the
coefficients are constant. More precisely, when

8U> ow] _[(oU\ om] _ (9UY\ o (55)
op/,8U0];,  [\ow/, 00, \on/,dU

[(8U) 8v:| RaU) v | <8U) v
)2 (=) 22 = (E) & (56)
), U], ov ), 0U | ov ), aU

Jj+1

and

the numerical flux function of (54) can be written as

ou oM ~ U ov ~
Fj+1/2 = <_8[L) _aUF}j+l/2 + <_8v > _BUF,I/+1/2- (57)
v "

In light of this, we propose to base the scheme on the following criteria:
C1: The scheme should be in conservation form (54);
C2: The numerical flux F;/,, should be a hybridization of ]?‘}JH P and Fi 128
C3: The hybridization should reduce to (57) whenever U =U; = U, ;.

It is now straightforward to see that these properties are satisfied by the following generalization of

(57):
U\ ou =1y ou av =0
Fj+1/2 = |:<_) _:| F'+1/2 + |:<_) _j| F~+1/2, (58)
ap J, oU it12 / av L aU i /

where the coefficient variables [-];, 1/, are evaluated at some average state U;,.
We may now state the following proposition:

Proposition 1. The hybrid fluxes F j+1/2 (38) are consistent provided the basic fluxes FU and F' are
consistent; i.e.

F; 1)U, ..., U) =F@U) (59)
if i i
F'(U,...,U)=FU) and F'(U,...,U)=F®). (60)
Proof. Substitute
o av
dpu = —dU and dv=—dU 61)
510 ou
in (42), then factor out dU to obtain
U\ o U d
=) 2L () 2oy (62)
o), U v ), oU
and in particular
U\ o ou 0
[(_) _ﬂ] N [(_) _"} —L (63)
o), o0U], o/, ou]
and the result follows from (58). ]

Hence (58) is precisely the hybridization of an implicit and explicit flux we propose for construct-
ing a WIMF scheme for a general model equipped with a splitting (42).
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5 Application to the Drift-Flux Model

We now derive the specific implementation of the WIMF scheme for the drift-flux two-phase flow
model. Using the approach above, we need to identify a variable p associated with some linear wave
solution of the system. As the wave structure of the system depends upon the slip relation ®, we will
follow the approach used in Section 3.1.4 for the p-XF scheme. That is, we will base our analysis on
linearizing the slip relation around & = 0, and extend these results to general ®.

For @ = (, there exists a simple connection between the drift-flux model and the Euler model, as
noted in [19] and described below.

5.1 Relation to the Euler Model

The drift-flux model (2)—(4) with v, = v, = v can be written as:

2 (pette) + = (pgagv) = 0 (64)
ot dx
i (peate) + ! ( )=20 (65)
97 Py ax Pe0eV) =
5 5,
a(v(peae + pgarg) + P (v (peate + poaty) + p) = 0. (66)

If we now define the mixture density

P = pglly + peoty (67)
and the gas mass fraction
Pgg
Y =—, (68)
0

the ® = 0 drift-flux model (64)—(66) can be reformulated as

e Conservation of gas mass

L0 + (oY) =0 (69)
e Conservation of total mass " 5
m + a(ﬂv) =0 (70)
e Conservation of momentum
%(pv) + %(;ov2 +p) =0, 71
where
p = p(mg, meg) = p(p,Y). (72)

We recognize this formulation as structurally identical to the Euler model, if we associate the total
mass p with the density and the gas mass fraction Y with the entropy. In particular, this means that
the model (64)—(66) possesses a linear wave moving with the velocity v, transporting the gas mass
fraction Y, analogous to the entropy wave of the Euler model.
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Remark 2. So far, we have shown the existence of a linear wave in the vy = vy drift-flux model. This
corresponds to K = 1, S = 0 in the Zuber-Findlay relation (10). However, provided the liquid is
incompressible, a more general result holds:

Proposition 2. The drift-flux model (2)—(4), augmented with the Zuber-Findlay relation (10) where K
and S are constants, supports a linear wave solution moving with the velocity v,, provided the liquid
is incompressible. The pressure is not necessarily constant across a contact discontinuity in this wave.

Proof. The proof of this proposition may be found in [19].
O

5.2 The Flux Hybridization

In this section, we derive the WIMF hybridization (58) for the special case of the v = v, = v, drift-
flux model. Then, from Section 5.3, we describe how this hybridization scheme may be naturally
applied to general slip relations ®.

Based on the equivalence with the Euler system described in Section 5.1, we may conclude that
the splitting (42) with

Y 0
w=1| 0 and v=| p |, (73)
0 v
satisfies the linear wave criterion described by (43)—(44).
‘We obtain
a[L 1 Pely  —Pglg 0 T 9y 1 0 0 0
0= o2 0 0 0 and U= o kppe kppg O (74)
p 0 0 0 | Pl —v —v 1
as well as B
1/pe 00
U
(3—) = p? —1/pq 00 (75)
2w L v/ec=1/p) 00
and
0 g/ Py 0
U 1 g
(%) =slo am 0| 7o)
r 0 v(ag/pe+ae/ps) Kkp

5.2.1 The Matrix Coefficients
By (58), the fluxes of the drift-flux WIMF scheme may now be written as

Fiiip = AjipFSy o + Bl ), (77
where

A [ (oUY op
J+1/2 = o), aU o

n

oy —Pelle/ Py 0
= —,Oeae//?g Oy 0 (78)
peaev(1/pe = 1/pg)  —pgagv(l/pe=1/pg) 0 |, ,
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and

U av
Bl = 5 ) 70
L j+1/2

n

g pgag/pé 0
P/ Pg oy 0 . (719
—peaev(l/pe = 1/pg)  pgagv(1/pe —1/pg) 1 |,

To evaluate the coefficient matrices A and B at cell interfaces, we follow the approach of [10, 12] and
define

1
Hij+12 = 5 (akj + e jt1) (30)
1
Prj+ijz = 3 (,Ok,j + ,Ok,j+1)
1
Vkjr12 = 5 (vk.j + vk, j+1) (81)
for phase k € {g, ¢}.
5.2.2 Flux Splitting
We now write 3 3 . y 5
F\=G"+HY and F' =G'+H, (82)

that is, we split the numerical fluxes into convective and pressure parts as we did in Section 3.1.1, so
that (58) can be written as

G-+1/2 = [(—a ) o ] GY + (—8 ) oy G' (83)
J
om /), dUJ; 11 av J, dU i1

ﬁ.ﬂ/z_[(@) 3_”] Yy (@) wi g (84)
J - .
om /), dUJ; 11 av J, 0U 1

5.2.3 The Hybrid Convective Flux

and

For the convective upwind fluxes (N}Ej +1/2> We will use the low Mach-number limit of the advection
upstream splitting method, which was investigated as the CVS scheme in [9] for the current drift-flux
model.
I ~U
Writing G, , as

U
. (pg“gvg){'JHn
Gj+1/2 = (pzazvz)j+1/2 ) (85)
2\U 2\U
(Pg0tgVg) 10 + (Peevy) oy 1

we first define the cell interface velocities

ve e =5 (V0 + ) (86)

| =
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and then the convective fluxes

Uk, j+12(okeu)’ 1 v j12 > 0,
(protve) . " i ®7
P j+1/2 vqul/2(,0,(0{,()’}+1 otherwise
Uk, j+12(okove) i v 2 > 0,
(e} " | e
k) j+1/2 Vi, j+1/2(Pkovi)’j,  otherwise

for phase k € {g, ¢}.

For the convective implicit part (~}5 +1/2 We use the p-XF formulation of the fluxes (30) described
in Section 3.1.5.

We then obtain hybrid convective fluxes through (83), using (78) and (79). Note that the convective
fluxes G' j+1/2 are now calculated with the coupling (77) to the upwind flux GY j+1/2» as described in
more detail in Section 5.3.1.

5.2.4 The Hybrid Pressure Flux

We write the pressure fluxes as

i 0 i 0
H' =| 0 and H=| 0 |. (89)
pY p'

By (78) and (79), we see that the hybrid pressure flux (84) becomes simply

Hj 1= ﬁ5'+1/27 (90)

where p! is given by a fully implicit calculation in the form (31).
Hence no definition of upwind pressure fluxes pY is required, the WIMF flux hybridization only
affects the convective fluxes.

5.3 Implementation Details

Before extending the above results to & # 0, it may be instructive to focus in more detail on how this
WIMF scheme is implemented in practice. As for the p-XF scheme, the computation consists of two
steps:

1. Flux linearization: We calculate numerical fluxes through the implicit pressure-momentum
coupling.

2. Conservative update: We use these numerical fluxes to update the conservative variables ac-
cording to (35).

Note that both these steps incorporate the flux hybridizations (83). We will address them in turn.

5.3.1 Implicit Step

As for the p-XF scheme derived in Section 3, the pressure-momentum coupling yields 3 equations for
each computational cell to be implicitly solved over the computational domain. However, an added
complication arises from the implicit calculation also involving the explicit part of the system, as
given by (77). In the following exposition, we will find it convenient to use the symbol

M= M, + M, 1)
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to denote the total convective momentum flux. Herein

My = pg“gvé’ (92)
Me = paevy. (93)
For convenience of notation, we also use the shorthand
[v] = vjt1)2. (94)
Applying (77)~(79) and the splitting (82), where we use GY,, ,, G}, . and HY L 1/2 H.,, , as de-

scribed in Section 5.2.3 and 5.2.4, we see that the WIMF mass fluxes (provi) V! ; +1 /2 can be written in
the form

WIMF 18]
(Pgotag jH12 = [“€]j+1/2(pg“gvg)1+1/2 O‘gpg/pﬁ];l'ﬂ/z(p@“éW)j+1/2 95)
[ag]j+1/2(pgagvg)j+1/2 + [ agpg/pﬁ]7+1/2(M)j+l/2,
(peateve \/XTY?; = _[alpé/pg]7+1/2(pg‘xgvg)%.l/z + [ag]7+1/2(/)£0{€ U(Z)E'J.;_l/z (96)

+[aépi/pg]l}+1/2(p/ga/gvg)j+l/2 + [W]?H/g(m%ﬂ/z-

Similarly, we calculate that

MR = leev(l = o/ )T 1o ((Paoteve) 1 — (el j12) + Py OT)
+logu(l — pg/ PN} /2((pzazvz)}11 12 — (Peatgvy) ,~+1/2) + (peoev}) j11)2,
where

(pgozgvé + pgagv% + p)j\ﬂll\/il; = Myﬁ%g + p1+1/2
Comparing the WIMF convective momentum flux (97) to the sum of (95) and (96) we see that M W ™MF

j+1/2
now can be written in terms of the WIMF mass fluxes (oot vk)yg’% as follows:

M}WE = M1 + [v] ((pgereve f?}“/z (PelaVe) j+1/2 + (Decteve x% (Pecteve) j12) s (98)

where
Mit12 = (g0tgVd) j41/2 + (Pe0teV}) j+1)2- (99)

This suggests a natural splitting of MYE’% into
WIMF WIMF WIMF

MG = Mg it + M, (100)

where
MWIME _ 101
g j+1/2 = gj+12 — [v] (,Ogagvg)j+l/2 + [U](Pgagvg)l.ﬂ/z (101)
szjmff/z = Me,j+1/2 — [1(Pecrvr) 112 + [U](Pzaeve)j+1/2- (102)

As v is not properly defined when v, # v, we propose to use the following natural modification of
(101)—(102) for general slip relations:

ijl\fl:/z = Mgjs1p— [Ug](:@/g”g)ﬂlﬂ + [Ug](pg“gvg)ﬁﬁv% (103)
szjﬂ\ff/z = My 12 — el (Peceve) 12 + [W](Peaeve)ﬁ%g- (104)

We now want to represent pg g vé in (26) by (103) and p,y v% in (27) by (104). Thus, the implicit

pressure-momentum coupling corresponding to (26), (27), and (31), but now with mixture momentum

fluxes Mkwjl\ff /2 » take the following form:
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e Pressure equation:

+1 1
Pitin = 3P+ P

At

(PggVy) j+1 — (Dgllgly)
Ax

(Peeve) j+1 — (Pectve) ;
+ [Kpg]j+l/2 A = 0.

+ [kpel 12 (105)

o Gas momentum equation:

. o)~ (o)
(Pg0tgVg) j — (0gltgVy)’; n <'0g £/ v P j-1/2
At Ax
B [veate]j41/2 (pgo‘gvg)j+1/z — [vgore]j—12 (pg“gvg)j—l/z
Ax
N [veetg0g/ el j 412 (Peaeve)j+l/2 — [vgtgpg/pelj-1/2 (Peaeve)j_l/z
Ax
U U
[veate]j11/2 (pg“g”g)j+1/2 — [vgaelj—1/2 (pg“gvg)j_uz
Ax
[Ve0te e/ el 172 (Pe0ev) Ty 1o — [Vetgpg/ pe)j—172 (Pecteve) Sy 1
Ax

+1 +1 —~
mg\" p?ﬂ/z - p;'l71/2
+(— ) =" =-(—=£0]) .
P/ Ax P/
o Liquid momentum equation:

/_\./2 /_\./2
— Lol — | Pegv
(/Olalfvﬁ)j - (/?Neve)'} " ( Z>j+1/2 < Z)jl/z

At Ax
[veargljtv12 (pzdzvz)jH/Z — [veaglj—1,2 (PNEUE)J-,I/Z
Ax
[veaepe/ peljt1/2 (@a\g?g)jﬂ/z — [veaepe/pelj-1/2 (@o?g?g)j,l/z
Ax
[vearg]jt12 (pEaZUZ)E{H/Q — [veaglj—1,2 (peazvz);}_m
+ Ax
[veete e/ peli12 (Pteve) 1,1 o — [Veeepe/Peli 12 (pgetevs)
Ax

n .n+l1 n+1 —_~

my pji]/z_ijl/z )
+|—) ————==—0) .
P/ Ax P/

Here the linearized fluxes are given (as before) by (21) and (28)—(29) as:

1 Ax

((oretxvr)j + (o) j1) + 1 A7 ((or)'s — (e ) (108)

(106)

(107)

(orarvi) jy12 =

| =

and

—_—

5 I, — I, — 1 Ax
(orotkv) jr12 = E(vk © Pk VL) j + E(vk CPROVE) j11 T

A ((ororvr)j — (pravr) j+1)" . (109)
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In conclusion, we solve (105)—(107) to obtain the variables p?ﬂ /20 (,(g&é/vg) jand (M) j tobe used
in the following. As for the p-XF scheme, this step requires the inversion of a sparse linear system
with a bandwidth of five (pentadiagonal linear system) — where the coefficients become slightly more
complicated due to the hybridization (77).

5.3.2 Conservative Update

By use of
U
-y (Ps@gVe) ;112
Gj+1/2 = (,OgOlgUz)}JJr]/z ) (110)
2\U 2\U
(Peg0tgVg) 1110 + (Peetevy) 74y )
(PglgVg) j1/2 0

GI,.JFI/2 = (Peateve) j11/2 , H = 0 , (111)

(Pe0gv3) j41/2 + (et} j 1172 Pjvi2

as defined in Section 5.2.3 and 5.2.4 (note that there is no need to specify HY as explained in Sec-
tion 5.2.4), where the required quantities are obtained through the equations (105)—(107), the numer-
ical scheme can be written in the conservative form

n+1 n
VAR O +Fj+l/2_Fj—1/2 - Q; (112)
At Ax 7

where F 1/, is obtained from (77) and (82). Finally, the physical variables are obtained from Uf;“
by the procedure described in Section 3.1.8.

5.4 Resolution of Contact Wave

We now provide some attractive theoretical results for the special case of ® = (0. We consider the
linear wave arising from the initial conditions

pi=pr Vj (113)
Yi=Y(j) Vj
(vg)j =(v); =v V.
In particular, v is constant across the computational domain as stated by (43). The pressure gradient

now vanishes from the model (2)—(4), and the solution to the initial value problem (113) is that the
distribution of Y will propagate with the uniform velocity v. That is, we have

on ow

—0, 114
or T Vox (114)

in accordance with (44).
For the corresponding linear wave associated with the two-fluid model, we proved in [11, 12] that
the WIMF scheme possessed the following properties:

(i) WIMF reduces to the explicit upwind flux for the linear wave (113);

(i) WIMEF preserves uniformity of the pressure and velocity field for this linear wave;
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(iii)) WIMEF captures the wave exactly on uniform meshes if the time step corresponds to a convective

CFL number 1, i.e.
Ax

—— 115
Y (115)

Here (ii) and (iii) are direct consequences of (i).
An equivalent result holds for the current WIMF scheme for the drift-flux model. In particular,
we have the following proposition:

Proposition 3. The WIMF scheme described in Section 5.3, when applied to the linear wave (113),
has a solution that satisfies

p;_erl = p Vi, n; (116)
It = v Vi (117)

n+l n At n .
Hej = %k TVAC (ozk’j - ak’j_l) Vj,n  forv>0; (118)

n+1 n At n n .
o = O — vﬂ (O‘k,j+1 - ak’j) Vj,n forv < 0. (119)

Herein
(prarv)j = peogt i, (120)
where

Pr = pr(p) = const. (121)

Proof. Substitute (116)—(120) into the equations of Section 5.3. Through a rather lengthy calculation,
this will reduce the discrete equations of the WIMF scheme to trivial identities.
O

In particular, this means that (i)—(iii) are satisfied also in the current context. In Section 6.1, these
results will be illustrated numerically.

6 Numerical Simulations

In this section, we present some selected numerical examples. We first numerically verify Proposi-
tion 3 by studying a simple contact discontinuity for the & = 0 model. We then investigate how this
behaviour carries over to more general cases, by considering a couple of shock tube problems known
from the literature. Reference results will be provided by the explicit Roe scheme described by Flatten
and Munkejord [17].

Finally, we investigate the performance of the scheme on a case more representative of industrial
problems; a large-scale mass transport problem given a non-linear slip law.

For the simulations, a convective CFL number is defined as follows

At
C=— " 122
iy T |(v)}1, (122)

as this corresponds to the expected velocity of the mass transport wave associated with the Zuber-
Findlay slip law (see Proposition 2).
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Figure 1: No-slip contact discontinuity, WIMF scheme, 100 cells. Various values of the convective
CFL number.

6.1 No-Slip Contact Discontinuity
For our first test, we consider a linear wave where the slip law is given by

® =0. (123)

We assume an isolated contact discontinuity separating the states

P 10° Pa
_ Oy _ 0.75
Wi = ve || 10m/s (124)
Vg 10 m/s
and
P 10° Pa
| oae | 0.25
W = ve | | 10mss | (125)
vy 10 m/s

We assume a 100 m long pipe where the discontinuity is initially located at x = 0. We use a compu-
tational grid of 100 cells and simulate a time of + = 5.0 s. The discontinuity will then have moved to
the centre of the pipe, being located at x = 50 m.

6.1.1 Sensitivity of WIMF to the Convective CFL Number

In Figure 1, the results of WIMF are plotted for various values of the convective CFL number. We
observe that WIMF captures the contact exactly for C = 1, as stated by Proposition 3. The numerical
dissipation increases as C decreases.
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reference
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Figure 2: No-slip contact discontinuity, implicit p-XF scheme, 500 cells. Various values of the con-
vective CFL number. Left: Approaching C = 1 from below. Right: Approaching C = 1 from
above.

For C > 1, the scheme becomes unstable.

6.1.2 Sensitivity of p-XF to the Convective CFL. Number

In Figure 2, the results of p-XF are plotted for various values of the convective CFL number. The
scheme obtains maximal accuracy for C = 1, and the numerical dissipation increases for both smaller
and larger values of C. The dissipation is always larger than for the WIMF scheme, in particular this
is the case for C = 1. However, the p-XF scheme is observed to be unconditionally stable for this test
case.

For both the WIMF and p-XF schemes, we observe that the pressure and velocities remain constant
to floating point precision, as is dictated by Proposition 3.

6.2 Dispersed Law Contact Discontinuity
In this section, we consider a more general contact discontinuity where the slip law is given as

® = —8/ay. (126)

This test case is similar to Experiment 4 of Baudin et al. [1].
According to Baudin et al. [1], the slip law (126) describes inclined pipe flows where small gas
bubbles are dispersed in the liquid. We follow in their footsteps and use the following value for §:

6 = 0.045 m/s. (127)

In the framework of the Zuber-Findlay slip relation (10), the slip relation (126) corresponds to

K = 1, (128)
S = =4. (129)
The initial states are given by
p (10° 4 7.8) Pa
_ oy _ 09
Wi = v | 1 m/s (130)

Uy 1.050 m/s
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Figure 3: Dispersed law contact discontinuity. Grid refinement for the implicit p-XF and WIMF
schemes. Left: p-XF scheme. Right: WIMF scheme.

and
p 10° Pa
_ Oy . 0.2
We = vy | 1 m/s ' (13D
Uy 1.224 m/s

This discontinuity will now propagate, without change of shape, with the gas velocity v, = 1 m/s,
as stated by Proposition 2 (The effect of the liquid compressibility is negligible). We assume a pipe
of length 100 m where the contact is initially located at x = 50 m. The simulation runs for 25 s.

6.2.1 Convergence Test for p-XF and WIMF

In Figure 3, we investigate the convergence of the WIMF and p-XF schemes as the grid is refined. For
the p-XF scheme, we used a convective CFL number C = 1, with respect to the gas velocity v, = 1
m/s.

Table 1: Dispersed law contact discontinuity. Convergence rates for the p-XF scheme.
n cells | [|E]|l, | $a
1 50 | 4.818

2 200 | 2.405 | 0.5012
3 | 2000 | 0.762 | 0.4991
4 1 20000 | 0.241 | 0.4999

For the WIMF scheme, where the condition & = 0 (under which the flux hybridizations were
derived) no longer applies, instabilities occurred for C > 0.9. In addition, for 0.75 < C < 0.9, a
persistent overshoot was produced in the contact wave. Hence the WIMF results presented here are
produced with a convective CFL number of C = 0.75.

However, with this reduction of the CFL number we observe that the WIMF scheme is in fact able
to provide an accurate resolution of the contact — the desired upwind-type accuracy is retained, while
the sonic CFL criterion is still violated. Convergence rates for the volume fraction variable are given
in Tables 1 and 2, where the error is measured in the 1-norm

IEI| =) Axlay; — gl (132)
J
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Table 2: Dispersed law contact discontinuity. Convergence rates for the WIMF scheme.
n cells | ||E]|ln | Sn
1 50 | 2.260

2 200 | 1.094 | 0.5234
3| 2000 | 0.341 | 0.5066
4 | 20000 | 0.107 | 0.5014

and the order of convergence s is obtained through

_ In(IET /I ENn-1)
" ln(Axn/Axn—l)

(133)

Both schemes uniformly approach the expected analytical solution, at similar convergence rates.

6.2.2 Start-up Errors

Due to the particular choice of slip relation, there exists a persistent pressure jump across the contact
- whereas the numerical schemes are obtained from considerations of a contact where the pressure is
constant. As a consequence of this, no result analogous to Proposition 3 holds, and start-up errors in
the form of pressure oscillations occur for the first steps of the simulation. We now define the pressure
variation at each time step as

Ap = max(p}) = min(p}). (134)

With a grid of 20 000 cells and a convective CFL number of C = (.75, a plot of Ap against time
is given in Figure 4. The behaviour is rather similar for both the p-XF and WIMF schemes, so these
oscillations are not primarily associated with the flux hybridization.

This seems to be a price to pay for the simplicity achieved by keeping the schemes independent
of the structure of the slip relation ®. However, we note that the pressure oscillations are rather small
and decrease with time, indicating that such start-up errors may be of minor importance for practical
calculations. This will be supported by our further numerical examples.

6.3 Zuber-Findlay Shock 1

Using the Zuber-Findlay slip relation with
K = 1.07 (135)
S = 0.216 m/s, (136)

we consider a shock tube problem also investigated by Evje and Fjelde [8]. The initial states are given
by

p [ 80450 Pa
. (0] _ 0.45
W= ve | | 12.659 m/s (137)
v | [ 10370 mss
and _ - —
p 24282 Pa
_ Oy _ 0.45
We = ve || L181mss | (138)
| v | | 0.561 m/s
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Figure 4: Dispersed law contact discontinuity, start-up errors. Initial pressure oscillations produced
by WIMF and p-XF schemes.

The initial discontinuity is located at x = 50 m in a pipe of length 100 m, and results are reported at
the time ¢+ = 1.0 s. Reference solutions are calculated by the flux-limited Roe scheme of [17], using a
grid of 20 000 cells.

6.3.1 Convergence Test for the WIMF Scheme
We use a convective CFL number of C = 1, or more precisely

Ax "
vin 13 m/s%n]l_ixl(vg)jl. (139)

The results of the WIMF scheme are plotted in Figure 5 for various grid sizes.
We observe an overshoot in the volume fraction for the coarsest grids. Apart from this, the WIMF

Table 3: Zuber-Findlay shock 1. Convergence rates for the WIMF scheme.
n cells | ||E|l, | sn
50 | 2.181
100 | 1.352 | 0.6897
200 | 0.746 | 0.8578
400 | 0.338 | 1.1417
800 | 0.256 | 0.4041
3200 | 0.0812 | 0.8269
10000 | 0.0352 | 0.7325

NN N AW -
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Figure 5: Zuber-Findlay shock tube 1. Grid refinement for the WIMF scheme. Top left: Gas volume
fraction. Top right: Pressure. Bottom left: Gas velocity. Bottom right: Liquid velocity.
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Figure 6: Zuber-Findlay shock tube 1. Roe, p-XF and WIMF schemes, 100 cells. Top left: Gas
volume fraction. Top right: Pressure. Bottom left: Gas velocity. Bottom right: Liquid velocity.

scheme convergences smoothly to the reference solution. Convergence rates for the gas volume frac-
tion are given in Table 3.

6.3.2 Comparison between the Various Schemes

In Figure 6, the results of WIMF and p-XF are compared with the first-order Roe scheme, for a grid
of 100 cells. For the WIMF and p-XF schemes we used a convective CFL number of C = 1 as given
by (139). For the Roe scheme, we used

Ax
— = 32.6 m/s, (140)
At

corresponding to the CFL criterion for the sonic waves, C = 0.4 with respect to convection.

We observe that the p-XF and WIMF schemes provide a similar resolution of the sonic waves,
whereas they are both inferior to the Roe scheme in this respect. We further observe that WIMF
gives a sharper resolution of the contact wave than Roe, but as previously noted, also introduces an
overshoot.

6.4 Zuber-Findlay Shock 2

We now consider a second shock tube problem using the same Zuber-Findlay slip law (135)—(136) as
in the previous example. This problem was investigated as Example 3 by Baudin et al. [1]. We here
follow in their footsteps and modify the gas pressure law; in the context of (8), we use

a, = 300 m/s (141)
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instead of
ag =V 105 m/s (142)

which is used for all other numerical examples of this paper. However, as for our other simulations,
the liquid remains compressible as described by (7).
We also follow Baudin et al. [1] in transforming to the variables (see also Section 5.1):

p - mixture density,
Y - gas mass fraction,
v - mixture velocity.

Herein, v is expressed as
MgV + MgV

v = (143)
0
In this formulation, the initial states are given by [1]

0 453.197 kg/m?

We=| Y | = 0.00705 (144)
v 24.8074 m/s

and

0 454.915 kg/m?

Wr=| Y |= 0.0108 . (145)
v 1.7461 m/s

The initial discontinuity is located at x = 50 m in a pipe of length 100 m, and results are reported at
the time + = 0.5 s. The flux-limited Roe scheme on a grid of 20 000 cells was used to compute the
reference solutions.

6.4.1 Convergence Test for the WIMF Scheme
We use a convective CFL number of 1, or more precisely

Ax
— =30m/s, (146)
At
corresponding to the maximum gas velocity occurring during the simulation.
The results of the WIMF scheme are plotted in Figure 7 for various grid sizes. Convergence rates,
with respect to the gas mass fraction Y, are given in Table 4. We observe that the WIMF scheme
converges uniformly to the reference solution, and for this case no overshoots are visible.

Table 4: Zuber-Findlay shock 2. Convergence rates for the WIMF scheme.
n| cells| ||E]|l, Sn
100 | 7.204 - 1073
200 | 4.864 - 1073 | 0.5669
400 | 3.208 - 103 | 0.6005
800 | 2.220- 1073 | 0.5420
3200 | 9.501 - 10~* | 0.6067
10000 | 4.819-10~* | 0.5958
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Figure 7: Zuber-Findlay shock 2. Grid refinement for the WIMF scheme. Top left: Mixture density.
Top right: Pressure. Bottom left: Gas mass fraction. Bottom right: Density-averaged velocity.
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Figure 8: Zuber-Findlay shock 2. Grid refinement for the implicit p-XF scheme. Top left: Mixture
density. Top right: Pressure. Bottom left: Gas mass fraction. Bottom right: Density-averaged velocity.

6.4.2 Convergence Test for the p-XF Scheme

We now use a time step 4 times larger than for the WIMF scheme, i.e. in the context of (122) we use
C = 4. Hence the CFL condition (1) is violated with respect to all waves of the system.

The results of the p-XF scheme are plotted in Figure 8 for various grid sizes. We observe that
also the p-XF scheme converges to the reference solution in a fully non-oscillatory manner. Due to
the increased time step, there is a significant amount of numerical diffusion, enforcing the use of fine
grids. However, as can be seen by Table 5, the convergence rate — with respect to gas mass fraction —
is comparable to that of WIMF.

Remark 3. This example illustrates that p-XF qualifies as a strongly implicit scheme whereas WIMF
is weakly implicit by the terminology of [12].

Table 5: Zuber-Findlay shock 2. Convergence rates for the p-XF scheme.
n| cells| ||E]|l, Sn
500 | 4.783-107°
1000 | 3.343- 1072 | 0.5168
2000 | 2.285- 1072 | 0.5488
4000 | 1.546 - 1073 | 0.5637
10000 | 9.068 - 10~ | 0.5824
20000 | 5.955-10~* | 0.6067
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6.5 A More Complex Slip Relation

The purpose of this final test is to investigate the performance of the WIMF scheme for more realistic
slip relations which do not have a simple linear form such as (10). In addition, this case features
transitions between genuine two-phase and pure liquid regions. These are both challenges that are
relevant for industrial applications of the drift-flux model.

6.5.1 The Test Case

This case was introduced as Example 4 by Evje and Fjelde [9], and has been further investigated by
Munkejord et al. [17, 26]. We consider a pipe of total length L = 1000 m which is initially filled with
almost-pure liquid (ag = 10~7). During the first 10 seconds of the simulation, the inlet liquid and gas
mass flowrates are increased from zero to 12.0 kg/s and 0.08 kg/s respectively. The liquid flow rate
is then kept constant for the rest of the simulation. At the time ¢+ = 50 s, the inlet gas mass flow rate
is linearly decreased to zero in 20 s, and for the rest of the simulation only liquid flows into the pipe.
Throughout the simulation, the outlet pressure is kept constant at 10° Pa. The results are reported at
t =175s.

6.5.2 The Slip Relation

We use the same nonlinear slip law as the previous works [9, 17, 26]. Writing the law on the standard
form (10), we take K to be constant, whereas S is allowed to depend on «, in a non-linear way. In
particular, we use the parameters

K=1.0 S = S(op) = /oy x 0.5 mls, (147)

which may be viewed as a more complicated form of the dispersed slip law (126).

6.5.3 Friction Terms

For this test case, we follow Evje and Fjelde [9] and include a simple friction model. More precisely,
in the context of (4) we choose

32 Vmix Mmi
0= ——";’; = (148)
Here d = 0.1 m is the diameter of the pipe. Furthermore, vpix is the mixture velocity
Umix = OgUg + 0y (149)
and ppix 1S the mixture viscosity
Mmix = Uglg + ol (150)
Here
fg=5x10°Pa-s and p,=5x10"*Pa-s. (151)

6.5.4 Discretization of the Friction Terms

For the Roe scheme, we used an explicit forward Euler discretization of the source terms. For the
WIMF scheme, we have discretized (148) as

-~
Qj = _E (Mmix)./ (Umix)j s (152)
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where (Upmiy); is calculated in a linearly implicit manner as

(egV),; | (Pectevi);
(0g)} (pe)}

(153)

(6;;()]' =

Using this, we discretize the right hand sides of (106) and (107) as

(50)-(3)
P j P/

In this manner, the scheme retains its linearity in the implicit terms.

6.5.5 Performance of the Roe and WIMF Schemes

For the WIMF scheme, we used the time step

— =3.8ms, (155)
At
corresponding to a convective CFL number C = 1 as given by (122). For the Roe scheme, we used a
CFL number C = 0.9 with respect to sonic propagation, which for this case is approximately

a; = 1000 m/s (156)

due to the single-phase liquid regions.

It is worth emphasizing that implicit methods are particularly useful on cases involving such
single-phase liquid regions, due to the strict CFL requirements imposed by the rapid sonic propa-
gation. Here

ArWVIME s ARoe ~ 300, (157)

and the efficiency differences between the Roe and WIMF schemes are significant.

6.5.6 Comparison between the Roe and WIMF Schemes

Results for the first-order Roe and WIMF schemes are given in Figure 9, with a grid of 200 cells. The
reference solution was computed by the flux-limited Roe scheme, using a grid of 10 000 cells and
CFL number C = 0.5.

Note that the highly improved efficiency of the WIMF scheme is accompanied by a similar im-
provement in the resolution of the slow dynamics, as was also seen in Sections 6.1 and 6.3. This
attractive behaviour was also observed in [11, 12] for the two-fluid version of WIMF.

Table 6: Mass transport problem, WIMF scheme. Convergence rates with respect to volume fraction.
cells | [|E|l, | sa
200 | 16.442
400 | 9.642 | 0.7699
800 | 5.982 | 0.6889
4000 | 1.557 | 0.8363
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Figure 9: Mass transport problem. WIMF vs Roe scheme, 200 cells. Top left: Gas volume fraction.
Top right: Pressure. Bottom left: Liquid velocity. Bottom right: Gas velocity.
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Figure 10: Mass transport problem. Convergence of the WIMF scheme, convective CFL number
C = 1. Top left: Gas volume fraction. Top right: Pressure. Bottom left: Liquid velocity. Bottom
right: Gas velocity.

6.5.7 Convergence

As seen by Figure 10 and Table 6, the WIMF scheme converges to the same solution as the Roe
scheme as the grid is refined. This is reassuring in light of the large disparity of the time steps, as well
as the inclusion of boundary conditions and source terms.

It should however be noted that for grids of less than 200 cells, the WIMF scheme requires a
somewhat lower CFL number for stability.

7 Conclusion

We have presented an implicit pressure-based central type scheme for a drift-flux two-phase model,
denoted as p-XF. Generalizing a technique introduced in [11], denoted as WIMF, we have incorporated
explicit upwind-type fluxes allowing for an accurate resolution of the mass transport waves of the
system. The WIMF scheme improves on the accuracy of p-XF with little loss of stability, and is the
scheme we propose for practical applications.

A difficulty with the drift-flux model is that its formulation is sensitive to the specification of the
closure law @, which may vary depending on the flow conditions of the application.

In this paper, the numerical schemes have been derived by basing the implicit approximation of
the fluxes on a linearization around the slip ® = 0. By this, we ensure certain accuracy and robustness
properties for this particular case.
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The numerical examples demonstrate that the desirable properties of the schemes essentially carry
over to more general choices of ®. The schemes are conservative in all numerical fluxes and consistent
with a given slip relation, and numerical evidence confirms that convergence to correct solutions are
obtained.

Numerical overshoots and oscillations in some cases occur for the mass transport wave. We
observe that such oscillations may to a large extent be tamed by reducing the CFL number.

The WIMF scheme outperforms the explicit Roe scheme in terms of efficiency and accuracy on
slow dynamics, and results compare well to existing semi-implicit methods presented in the litera-
ture [2, 15]. This demonstrates that the WIMF strategy introduced in [11] has applicability beyond
the two-fluid model originally considered.

With this paper, we have presented a general setting for the construction of WIMF type schemes
and by that hope to pave the way for further application to additional models. In particular, the
WIMF approach seems useful for models where the eigenstructure is too complicated for an efficient
construction of approximate Riemann solvers.
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