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H I G H L I G H T S

∙ Oberlack’s definition of the MILD combustion regime has been generalized.

∙ The previously adopted assumption regarding lean mixture combustion has not been made.

∙ A new, more general formula for the S-curve (𝐷𝑎 vs 𝑇 ) is derived.

∙ A methodology for finding the boundary of the MILD combustion regime is presented.

∙ General and fuel-specific (H 2 

, CH 4 

) MILD combustion boundaries were determined.
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A B S T R A C T

The Oberlack definition of the MILD combustion limit for premixed systems was derived under the assumption of 

lean combustion and a one-step reaction. In this study, a generalization of this definition is presented by removing 

the lean combustion assumption, which leads to a more comprehensive relation between the Damköhler number 

and temperature, defining the so-called S-curve. The transition of the S-curve to a monotonic function, indicating 

MILD conditions in the generalized formulation, reveals a dependency on the kinetic parameters of the reaction 

(reaction orders) and the equivalence ratio. Unlike the previous definition, the proposed solution applies across 

a broader range of conditions, from rich to lean mixtures, incorporating variations in combustion conditions and 

the reactivity of the analyzed system. Analytical solutions are not available due to the strong non-linearity of the 

model; therefore, the results are obtained numerically and are presented as plots and approximation functions, 

all valid in a wide range of parameter values and applicable to various fuels. The proposed methodology is adapt-

able to different parameter ranges if needed. Finally, two practical examples, based on hydrogen and methane, 

illustrate the findings. The results show that reaction orders and the equivalence ratio significantly influence 

the limit curve defining the MILD combustion regime, with dependencies on the combustion conditions and the 

chosen fuel.

1. Introduction

Moderate or Intense Low oxygen Dilution (MILD) is a combustion 

technique that offers high combustion efficiency, low combustion in-

stability, low NO x and soot emissions [1]. Terms such as Flameless 

Combustion, Flameless Oxidation, High Temperature Air Combustion, 

High Temperature Combustion Technology, and Colourless Distributed 

Combustion refer to the MILD combustion mode or slightly different

concepts [1,2]. The advantages of MILD combustion have been noticed 

in the past and applied in various industries; however, its use is some-

times limited because of its disadvantages, such as high pressure drop, 

lower operating range, and high volume of reactors/combustors, which 

sometimes makes integration of this technology difficult.

Several definitions of the MILD combustion regime exist. These in-

clude the criteria provided by Oberlack et al. [3], Cavaliere and de 

Joannon [4], and Evans et al. [5]. The combustion regime boundaries
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Nomenclature

Latin symbols

𝐴 Pre-exponential factor, 1/s

𝑐 Molar concentration, kmol/m3

𝑐 Specific𝑝  heat, J/kgK

𝐷𝑎 Damköhler number

𝐸 Non-dimensional activation energy

𝐸∗ Activation energy, J/kmol

𝑚 Mass, kg

𝑚̇ Mass flow rate, kg/s

𝑄 Non-dimensional heat of combustion

𝑄∗ Heat of combustion, J/kmol

𝑅 Universal gas constant, J/kmolK

𝑡 Non-dimensional time

𝑡∗ Time, s

𝑇 Non-dimensional temperature

𝑇 ∗ Temperature, K

𝑇 Temperature𝑢  in unburned state, K

𝑢 Unit conversion factor, (kmol∕m3)(1−𝛼−𝛽) 

𝑉 Volume, m3 

 

𝑊 Molecular weight, kg/kmol 

𝑌 Non-dimensional mass fraction

𝑌 ∗ Mass fraction

𝑌 Mass fraction of fuel in unburned state𝐹𝑢
𝑌 Mass fraction of oxidizer in unburned state𝑂𝑢

Greek symbols

𝛼 Reaction order w.r.t. fuel 

𝛽 Reaction order w.r.t. oxidizer 

𝜈 Stoichiometric coefficient 

𝜌 Density, kg/m3 

 

𝜙 Equivalence ratio 

𝜔̇ Reaction rate, kmol/m3 

 s

Abbreviations

MILD Moderate or intense low oxygen dilution

Subscripts

𝑐 Chemical 

𝐷 Diluent 

𝐹 Fuel 

𝑚 Residence 

𝑂 Oxidizer 

𝑃 Product 

𝑢 Unburned state

including the MILD region for gas turbine applications have also been 

presented graphically by Rao and Levy [6], and later improved by 

Perpignan et al. [1]. However, there is no precise and generic definition 

of MILD combustion that could take into account all the details of this 

complex process, which are of macroscale and microscale character; 

see the review by Perpignan et al. [1] for a more detailed discus-

sion. Therefore, the debate on the limits of the MILD combustion mode 

continues in the literature, and as discussed by Evans et al. [5], dif-

ferent approaches are needed for premixed and non-premixed flames. 

Temperature-based criteria of Cavaliere and de Joannon [4] were used 

to create practically useful temperature-oxygen concentration diagrams 

[7,8] allowing the determination of the conditions for obtaining the de-

sired combustion regime. Similar maps were developed for fuel blends 

[9]. However, these criteria require the definition of a reference tem-

perature and may fail to accurately capture favorable conditions under 

elevated pressures. Other limitations of these diagrams have been ad-

dressed by Srinivasarao et al. [10], who studied the interaction of the 

MILD regime with other regimes by examining the effect of ignition 

delay time during the regime transition. The study revealed a consis-

tent and fuel-type-dependent ignition delay time range at the boundary 

between MILD and no-combustion regions. Although MILD combustion 

has been shown to reduce not only thermal NOx but also fuel-bound 

NOx [11,12], it has been demonstrated that, particularly for ammonia 

blends, satisfying temperature-based MILD combustion criteria alone is 

insufficient to achieve low NOx emissions [9]. While temperature-based 

criteria offer a simple and intuitive way to identify MILD combus-

tion, they introduce arbitrary thresholds and fail to capture kinetic 

and turbulence effects. In contrast, Oberlack’s Damköhler-number-based 

definition naturally accounts for the transition between combustion 

regimes by analyzing the fundamental combustion process rather than 

relying on predefined temperature cutoffs. However, our aim is not 

to settle the debate on what MILD combustion is or how it should be 

defined, as multiple approaches may be useful for classifying combus-

tion regimes. Instead, we focus on further exploring and generalizing 

Oberlack’s definition, providing a practically useful solution in the form 

of an approximated numerical model that is easily accessible to other 

researchers.

Oberlack et al. [3] proposed a definition of the MILD combustion 

regime using the equations of the homogeneous flow reactor model, 

which is valid for premixed systems. The definition is based on the 

observation that under certain conditions the S-shaped curve (𝑇 vs. 

𝐷𝑎) transforms into a monotonic one, so combustion occurs without an 

abrupt transition from cold reactants to hot products and extinction can 

occur by gradual reduction of temperature. In Fig. 1 an S-shaped curve 

is presented, which was obtained for a single value of non-dimensional 

heat of combustion 𝑄 and various activation energies 𝐸, as defined in 

Oberlack et al. [3]. As can be seen, the curve can have two turning points 

(two extrema of 𝐷𝑎(𝑇 )) for large 𝐸, or become monotonic as 𝐸 becomes 

smaller. The point at which the two turning points disappear and form 

an inflection point is considered to be the boundary of MILD combustion. 

Many works have confirmed the transformation of the complex S-shaped 

curve with two distinct characteristics of ignition and extinction into a 

monotonic curve in the case of premixed and non-premixed combustion 

with a highly preheated inert or oxidizer [13–16]. Furthermore, anal-

ysis of non-premixed counterflow flames indicated that the burning of 

fuel in hot combustion products as an oxidizer leads to a much lower 

temperature rise during combustion [16]. These observations were also 

confirmed in the analysis of a well-stirred reactor by Cavaliere and de 

Joannon [4], which led to their definition of MILD combustion based on 

the two indicators: the preheated reactants above the self-ignition tem-

perature and the restricted temperature rise (smaller than self-ignition 

temperature). This assumption has been criticized, since it would suggest 

that MILD combustion flames do not exhibit extinction and autoignition 

in their structures, which have been observed, for example, in the Jet in 

Hot Coflow experiments [1,5]. The definition of Oberlack et al. [3] was 

obtained with the assumption of a one-step reaction and lean combus-

tion. The assumption of a single-step model is an important weakness 

of this approach, since it was shown in numerous studies [17–19] that 

complex chemical kinetics plays an important role in MILD combus-

tion, which differs significantly from conventional deflagrative-diffusive 

flames. This is due, among other things, to lower temperatures and sig-

nificantly different compositions of reactants, which in the case of MILD 

combustion are diluted with combustion products, such as CO 2 

and H 2 

O. 
The latter play an active role in chemical reactions and affect the ignition
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Fig. 1. The S-curves obtained from steady-state solution of the homogeneous 

flow reactor equations. The MILD regime according to [3] starts when ignition 

‘Ig’ and extinction ‘Ex’ points meet and the S-curve transforms into a monotonic 

function; in this case for 𝐸 ≤ 6.0.

process, the structure of the reaction zone, the heat release rate, and 

the overall course of combustion [17,20]. Another weakness is the as-

sumption of lean combustion, which makes this model invalid in rich 

and near-stoichiometric conditions; however, both assumptions allow 

for the obtaining of an analytical solution, which in turn enables the 

examination of important features of the underlying processes.

In this study, we examine the governing equations as presented in 

Oberlack et al. [3], however, without the assumption of lean combus-

tion. This approach leads to a more complex expression defining the 𝑇 vs 

𝐷𝑎 curve (the S-curve) than obtained in [3], which now also depends on 

the inlet fuel and oxidizer concentrations, their reaction orders, and the 

equivalence ratio. This new expression was then used to identify numer-

ically the conditions at which the boundary of MILD combustion occurs, 

by employing the definition of Oberlack et al., which is based on the sta-

tionary inflection point of the S-curve. Although an analytical solution 

leading to the criterion of MILD combustion was not found, the numer-

ically determined MILD combustion boundary curves were presented 

graphically and as approximation functions for various 𝛼, 𝛽 and 𝜙, such 

that one can adapt it to specific one-step reaction characterized by 𝛼, 
𝛽 and equivalence ratio. Finally, two examples for CH 4 

and H 2 

are pre-

sented, which show the comparison with the definition of Oberlack et al., 

and the effect of equivalence ratio on the MILD combustion boundary. 

In general, the provided solutions can be used to find the unburned/inlet 

gas temperatures and the corresponding fuel and oxidizer mass fractions, 

required to obtain the MILD combustion regime.

2. Theory

For a general one-step complete combustion, the reaction can be 

written as

𝐹 + 𝜈𝑂 → 𝑃 (1)

We assume that the system is composed of fuel 𝐹 , oxidizer 𝑂 and diluent 

𝐷 that does not participate in the reaction, and the mass fractions of the 

species 𝑌 

∗
𝑖 sum to unity 

𝑌 

∗
𝐹 + 𝑌 

∗
𝑂 + 𝑌 

∗ 

𝐷 = 1 (2)

Furthermore, we assume that the behavior of the system can be de-

scribed using a perfectly stirred reactor (PSR) model, which is applicable 

under near-ideal combustion conditions characterized by infinitely short 

mixing time, almost perfect mixing of reacting mixture and negligible 

temperature gradients, resulting in homogeneous composition and tem-

perature throughout the system. Under these assumptions, the rates of

change of mass of fuel and oxidizer in a homogeneous flow reactor are

𝑚
𝑑𝑌 

∗
𝐹

𝑑𝑡 

∗ = 𝑚̇(𝑌 𝐹𝑢 − 𝑌 

∗
𝐹 ) + 𝑉 𝑊 𝐹 𝜔̇ 𝐹 (3)

𝑚
𝑑𝑌 

∗
𝑂

𝑑𝑡 

∗ = 𝑚̇(𝑌 𝑂𝑢 − 𝑌 

∗ 

𝑂 ) + 𝑉 𝑊 𝑂𝜔̇ 𝑂 (4)

where 𝑌 𝐹𝑢 

and 𝑌 𝑂𝑢 are the fuel and oxidizer mass fractions in the mix-

ture entering the reactor (the unburned state), 𝑊 𝐹 

and 𝑊 𝑂 are their

molecular weights, 𝑉 is the reactor volume, and 𝑡 

∗ is time. The rates of 

production/consumption of fuel and the oxidizer are

𝜔̇ 𝐹 = −𝜔̇ (5)

𝜔̇ 𝑂 = −𝜈𝜔̇ (6)

where 𝜔̇ is the reaction rate

𝜔̇ = 𝐴𝑢 exp 

( 

− 𝐸 

∗

𝑅𝑇 

∗

) ( 𝜌𝑌 ∗
𝐹

𝑊 𝐹

) 𝛼(𝜌𝑌 ∗
𝑂

𝑊 𝑂

) 𝛽

(7)

where 𝐴 is the pre-exponential factor, 𝑢 is a unit conversion factor 𝑢 = 1 

(kmol∕m 

3 ) 

(1−𝛼−𝛽)
, 𝐸 

∗ is the activation energy, 𝑇 

∗ is the temperature, 𝑅
is the universal gas constant, 𝜌 is the density, 𝛼 and 𝛽 are the reaction 

orders with respect to fuel and oxidizer, respectively. In the following, 

we will skip writing the unit conversion factor 𝑢. The energy equation 

in terms of temperature reads

𝑚𝑐 𝑝
𝑑𝑇 

∗

𝑑𝑡 

∗ 

= 𝑚̇𝑐 𝑝(𝑇 𝑢 − 𝑇 

∗ ) − 𝑉 𝑄 

∗ 𝜔̇ 𝐹 

(8)

where 𝑄 

∗ is the heat of combustion per mole of fuel. There are two 

characteristic times in the system; the residence time 𝑡 

∗ 

𝑚, which for the

PSR can be expressed as

𝑡 

∗
𝑚 = 

𝑚
𝑚̇

= 

𝜌𝑉
𝑚̇

(9) 

and the chemical reaction time 𝑡 

∗ 

𝑐 , which can be expressed as 𝑡 

∗ 

𝑐 = 1∕𝐴.
Following Oberlack et al. [3], a non-dimensionalization is introduced as

𝑌 𝑂 =
𝑌 

∗
𝑂

𝑌 𝑂𝑢
, 𝑌 𝐹 =

𝑌 

∗
𝐹

𝑌 𝐹𝑢
, 𝑇 = 

𝑇 

∗

𝑇 𝑢
,

𝑡 = 

𝑡 

∗

𝑡 

∗
𝑚
, 𝐸 = 

𝐸 

∗

𝑅𝑇 𝑢
, 𝑄 = 

𝑄 

∗ 𝑌 𝐹𝑢
𝑊 𝐹 

𝑐 𝑝 

𝑇 𝑢 

, 𝐷𝑎 = 𝐴𝑡 

∗
𝑚

(10)

∗where 𝐷𝑎 = 𝑡  

 ∕𝑚 𝑡∗ is𝑐  the Damköhler number. Substitution of the non-

dimensional variables to Eqs. (3), (4) and (8) leads to the following 

system of equations

𝑑𝑌 𝐹
𝑑𝑡

= 1 − 𝑌 𝐹 − 𝐷𝑎
𝑊 𝐹
𝜌𝑌 𝐹𝑢

(

𝜌𝑌 𝐹𝑢 

𝑌 𝐹
𝑊 𝐹

) 𝛼(𝜌𝑌 𝑂𝑢 

𝑌 𝑂
𝑊 𝑂

) 𝛽
exp 

( 

−𝐸
𝑇

)

(11)

𝑑𝑌 𝑂
𝑑𝑡

= 1 − 𝑌 𝑂 − 𝐷𝑎
𝜈𝑊 𝑂
𝜌𝑌 𝑂𝑢

(

𝜌𝑌 𝐹𝑢 

𝑌 𝐹
𝑊 𝐹

) 𝛼(𝜌𝑌 𝑂𝑢 

𝑌 𝑂
𝑊 𝑂

) 𝛽
exp 

( 

−𝐸
𝑇

)

(12)

𝑑𝑇
𝑑𝑡

= 1 − 𝑇 + 𝐷𝑎 

𝑄𝑊 𝐹
𝜌𝑌 𝐹𝑢

(

𝜌𝑌 𝐹𝑢 

𝑌 𝐹
𝑊 𝐹

) 𝛼 

(

𝜌𝑌 𝑂𝑢 

𝑌 𝑂
𝑊 𝑂

) 𝛽
exp 

( 

−𝐸
𝑇

)

(13)
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2.1. Assumption of lean combustion

In this section, we present the analysis of the above-derived 

equations leading to the results obtained by Oberlack et al. [3], which 

can be considered as a special case of our generalized method presented 

in the following section (Section 2.2). Oberlack et al. assumed that the 

combustion is lean, and the rate of reaction is first order with respect to 

fuel. This is equivalent to taking 𝛼 = 1 and 𝛽 = 0 in Eqs. (11)–(13). 

In such a case there is no need to track the oxidizer and the set of 

Eqs. (11)–(13) reduces to

𝑑𝑌 𝐹
𝑑𝑡 

= 1 − 𝑌 𝐹 − 𝐷𝑎𝑌 𝐹 exp 

( 

−𝐸
𝑇

)

(14)

𝑑𝑇 

𝑑𝑡 

= 1 − 𝑇 + 𝐷𝑎𝑄𝑌 𝐹 exp 

( 

−𝐸
𝑇

)

(15)

At equilibrium, where the left-hand side derivatives are zero, the 

equations can be rearranged to give

𝑇 = 1 + 𝑄(1 − 𝑌 𝐹 

) (16)

or 

𝑌 𝐹 = 

1 + 𝑄 − 𝑇
𝑄 

(17)

which upon substitution to the energy Eq. (15) reads

𝑑𝑇
𝑑𝑡

= 1 − 𝑇 + 𝐷𝑎(1 + 𝑄 − 𝑇 ) exp 

( 

−𝐸
𝑇

) 

(18)

Utilizing the steady state assumption again by taking 𝑑𝑇 ∕𝑑𝑡 = 0, Eq. (18) 

can be written as

1 − 𝑇 + 𝐷𝑎(1 + 𝑄 − 𝑇 ) exp 

( 

−𝐸
𝑇 

) 

= 0 (19)

which is convenient to rewrite as

𝐷𝑎(𝑇 ) = 

(𝑇 − 1) exp 

(

𝐸
𝑇

)

(1 + 𝑄 − 𝑇 )
(20)

In Fig. 1 the 𝐷𝑎(𝑇 ) function, as defined in Eq. (20), is plotted for constant 

𝑄 = 2 and selected values of 𝐸. The function has two extrema for large 𝐸, 
which indicate the existence of two stable solutions (and one unstable 

solution) for a given Damköhler number 𝐷𝑎. The two extrema corre-

spond to ignition and extinction. Mathematically, the transition points 

from stable to unstable solution (‘Ig’ in Fig. 1), and from unstable to sta-

ble solution (‘Ex’ in Fig. 1) constitute saddle-node bifurcations. Under 

certain conditions (for 𝐸 = 6 in the figure), when these two points meet, 

a cusp bifurcation occurs, and the function becomes monotonic. This al-

lows for obtaining one solution from the 𝐷𝑎(𝑇 ) curve and indicates a 

smooth transition between unburned and burned states, in which igni-

tion and extinction events are suppressed. For smaller values of 𝐸 the 

function remains monotonic. Oberlack et al. [3] identified this change 

of behavior, in which the solution depends monotonically on 𝐷𝑎, as the 

MILD combustion. By analyzing the real solutions at the extrema of the 

𝐷𝑎(𝑇 ) curve obtained by taking 𝑑𝐷𝑎∕𝑑𝑇 = 0, they found that the tran-

sition to the monotonic function (i.e. to MILD combustion) occurs when

𝐸 = 

4(1 + 𝑄)
𝑄 

(21)

and the corresponding dimensionless temperature is 

𝑇 = 

2(1 + 𝑄)
2 + 𝑄

(22)

The MILD combustion regime is obtained when 𝐸 is smaller or equal 

to that obtained from Eq. (21), i.e. 𝐸 ≤ 4(1 + 𝑄)∕𝑄, see Oberlack et al. 

[3] for a more detailed discussion. It is also worth mentioning that due 

to the adopted assumption that the reaction rate terms are calculated 

based on the mixed quantities, besides the above condition for MILD 

combustion, the prerequisite condition is that the mixing time must be 

shorter than the reaction time.

2.2. A more general approach

If the assumption of lean combustion is not made, the set of 

Eqs. (11)–(13) has to be analyzed together. Making use of the steady 

state assumption, i.e. taking 𝑑𝑇 ∕𝑑𝑡 = 𝑑𝑌 𝐹 ∕𝑑𝑡 = 𝑑𝑌 𝑂 

∕𝑑𝑡 = 0, and intro-

ducing an expression for the exponential term in Eq. (11) into Eq. (12) 

one obtains

𝑌 𝑂 = 1 − (1 − 𝑌 𝐹 ) 

𝑌 𝐹𝑢𝜈𝑊 𝑂
𝑌 𝑂𝑢 

𝑊 𝐹
(23)

Furthermore, substituting the mass balance for the fuel in Eq. (11) into 

the energy Eq. (13) one obtains

𝑌 𝐹 = 1 + (1 − 𝑇 ) 

𝑐 𝑝 

𝑇 𝑢 

𝑊 𝐹

𝑄 

∗𝑌 𝐹𝑢
= 

1 + 𝑄 − 𝑇
𝑄 

(24)

Then, substituting Eq. (24) into Eq. (23) leads to

𝑌 𝑂 = 1 + (1 − 𝑇 ) 

𝑐 𝑝 

𝑇 𝑢𝜈𝑊 𝑂

𝑄 

∗ 𝑌 𝑂𝑢
= 1 + 

(1 − 𝑇 )
𝑄

𝑌 𝐹𝑢𝜈𝑊 𝑂
𝑌 𝑂𝑢 

𝑊 𝐹
(25)

Eqs. (24) and (25) define the algebraic coupling between fuel and oxi-

dizer concentrations with temperature. Substituting both (24) and (25) 

into (13) gives

𝑑𝑇
𝑑𝑡

= 1 − 𝑇 + 

𝐷𝑎𝑄𝑊 𝐹
𝜌𝑌 𝐹𝑢 

[

𝜌𝑌 𝐹𝑢
𝑊 𝐹

( 

1 + 

(1 − 𝑇 )
𝑄

)] 𝛼

⋅ 

[

𝜌𝑌 𝑂𝑢
𝑊 𝑂 

( 

1 + 

(1 − 𝑇 )
𝑄

𝑌 𝐹𝑢𝜈𝑊 𝑂
𝑌 𝑂𝑢 

𝑊 𝐹

)] 𝛽 

exp 

( 

−𝐸
𝑇

)

(26)

Using the following substitutions

𝑐 𝐹𝑢 =
𝜌𝑌 𝐹𝑢
𝑊 𝐹

(27)

𝑐 𝑂𝑢 =
𝜌𝑌 𝑂𝑢
𝑊 𝑂

(28)

𝜙 =
𝑌 𝐹𝑢𝜈𝑊 𝑂
𝑌 𝑂𝑢 

𝑊 𝐹
(29)

where 𝜙 is the equivalence ratio, and 𝑐 𝐹𝑢 and 𝑐 𝑂𝑢 

are the molar con-

centrations of fuel and oxidizer at the unburned state, the equation 

simplifies to

𝑑𝑇
𝑑𝑡

= 1 − 𝑇 + 

𝐷𝑎𝑄
𝑐 𝐹𝑢

[ 

𝑐𝐹𝑢 

( 

1 + 

(1 − 𝑇 )
𝑄 

)] 𝛼
⋅

⋅ 

[ 

𝑐 𝑂𝑢

(

1 +
(1 − 𝑇 )

𝑄
𝜙 

)]𝛽 

exp 

( 

−𝐸
𝑇

)

(30)

For the steady state solution 𝑑𝑇 ∕𝑑𝑡 = 0, the equation can be rewritten 

as

𝐷𝑎 =
(𝑇 − 1)𝑐 𝐹𝑢 exp 

(

𝐸
𝑇

)

𝑄 

[ 

𝑐𝐹𝑢 

(

1 + 

(1−𝑇 )
𝑄

)] 𝛼[ 

𝑐𝑂𝑢 

( 

1 + (1−𝑇 )
𝑄 𝜙 

)] 𝛽 (31)

Eq. (31) is the final form which links the Damköhler number with 

dimensionless temperature 𝑇 and depends on the inlet (unburned) quan-

tities, i.e. equivalence ratio 𝜙, and concentrations of fuel and oxidizer, 

but is independent of 𝑌 𝐹 

and 𝑌 𝑂. One can easily verify that by substitut-

ing 𝛼 = 1 and 𝛽 = 0 into Eq. (31), this equation simplifies, as expected, to 

the final result of Oberlack et al. given in Eq. (20). It can also be deduced 

from Eq. (31) that, in the limit as 𝜙 → 0, when the oxidizer is abundant, 

𝛽 = 0 and Eq. (31) simplifies to
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Fig. 2. Comparison of the S-shaped curves obtained from Eq. (31) with the solution of Oberlack et al. [3] Eq. (20), and the effect of varying the equivalence ratio 𝜙
and reaction orders 𝛼 and 𝛽 on their shape. The results were obtained for 𝑐 𝐹𝑢 

= 3 mol∕m 

3 and 𝑐 𝑂𝑢 

= 6 mol∕m 

3.

𝐷𝑎 =
(𝑇 − 1)𝑐1−𝛼𝐹𝑢 exp 

(

𝐸
𝑇

)

𝑄 

( 

1 + 

(1−𝑇 )
𝑄

) 𝛼 (32)

In the rich limit, when 𝜙 → ∞, 𝛼 = 0. Then, using the Eqs. (27)–(29) 

one obtains

𝐷𝑎 =
(𝑇 − 1)𝑐1−𝛽𝐹𝑢 exp 

𝐸
𝑇

𝑄 

(

𝜈(1−𝑇 )
𝑄

) 𝛽 (33)

( )

It should be noted that complete combustion was assumed in the model; 

therefore, it is strictly valid for 𝜙 ≤ 1. The model can also be used in rich 

conditions, however, taking into account the fact that the stoichiometry 

of reaction (1) may change and the heat of reaction 𝑄 

∗ decreases due 

to incomplete combustion. Therefore, in rich conditions, one may take 

into account this fact, for example by reducing 𝑄 

∗ to compensate for the 

error resulting or by accepting the error.

In Fig. 2 S-shaped curves obtained from Eq. (31) are compared with 

the results of Oberlack et al. [3] as given by Eq. (20). The effect of the 

equivalence ratio 𝜙 and the reaction orders 𝛼 and 𝛽 is also presented. As 

expected, the results coincide for 𝛼 = 1 and 𝛽 = 0. As 𝛼 and 𝛽 increase, 

the solution shifts towards higher values of 𝐷𝑎. The influence of the 

equivalence ratio 𝜙 on the results is such that the greater 𝜙 is, the greater 

the 𝐷𝑎 number. This influence occurs only for nonzero 𝛽 and increases 

as 𝑇 rises. It can also be concluded from the presented results that the 

highest influence on 𝐸 occurs for 𝜙 = 1, but as will be shown later, the 

influence is even greater under rich conditions, when 𝜙 > 1.

3. Calculation procedure and validation

As mentioned in Section 2.1, the inflection point of the 𝐷𝑎(𝑇 ) curve, 

arising from the coincidence of the turning points and defining the be-

ginning of MILD combustion, comprises a cusp bifurcation. Therefore, 

the condition for the inflection point is that the first and second deriva-

tives of 𝐷𝑎 with respect to 𝑇 must be 0, and the third derivative cannot 

vanish; therefore, it can be written as

𝑑𝐷𝑎
𝑑𝑇 = 0, 𝑑 

2 𝐷𝑎
𝑑𝑇 

2 = 0, 𝑑 

3 𝐷𝑎
𝑑𝑇 

3 ≠ 0 (34)

The derivatives of 𝐷𝑎 (Eq. 31) with respect to 𝑇 can be determined

analytically. The first two derivatives have the form

𝑑𝐷𝑎
𝑑𝑇

= −
𝑐 

2
𝐹𝑢𝑐 𝑂𝑢 

exp 

(

𝐸
𝑇

)

𝑄 

3 𝑇 

2 

[

𝑐 𝐹𝑢 

(1 − 𝑇 + 𝑄)
𝑄 

] −𝛼−1
⋅

⋅ 

[ 

𝑐 𝑂𝑢(𝜙(1 − 𝑇 ) + 𝑄)
𝑄 

] −𝛽−1 

[ 

𝛼(𝑇 − 1)𝑇 

2 (𝜙(𝑇 − 1) − 𝑄)+

−(1 − 𝑇 + 𝑄)(𝛽𝜙(𝑇 − 1)𝑇 

2 + (𝐸(𝑇 − 1) − 𝑇 

2 )(𝜙(𝑇 − 1) − 𝑄)) 

]

(35)

𝑑 

2 𝐷𝑎
𝑑𝑇 

2
=

𝑐 𝐹𝑢 

exp 

(

𝐸
𝑇

)

𝑄

( 

𝑐 𝐹𝑢 

(1 − 𝑇 + 𝑄)
𝑄

) −𝛼 

(

𝑐 𝑂𝑢 

(𝜙(1 − 𝑇 ) + 𝑄)
𝑄

) −𝛽
⋅

⋅ 

[

2𝛼𝛽𝜙(𝑇 − 1)
(𝑄 − 𝑇 + 1)(𝜙(1 − 𝑇 ) + 𝑄)

−
2𝛼𝐸(𝑇 − 1)

𝑇 

2 (𝑄 − 𝑇 + 1) 

+
𝛼(𝛼 + 1)(𝑇 − 1)
(𝑄 − 𝑇 + 1) 

2
+

+ 2𝛼
𝑄 − 𝑇 + 1

−
2𝛽𝐸𝜙(𝑇 − 1)

𝑇 

2 (𝜙(1 − 𝑇 ) + 𝑄)
+

𝛽(𝛽 + 1)𝜙 

2 (𝑇 − 1)
(𝜙(1 − 𝑇 ) + 𝑄) 

2 

+

+
2𝛽𝜙

𝜙(1 − 𝑇 ) + 𝑄
+ 

𝐸 

2 (𝑇 − 1)
𝑇 

4
+

2 𝐸(𝑇 − 1)
𝑇 

3
− 2 𝐸

𝑇 

2

] 

(36)

Application of conditions (34) to the derivatives (35) and (36) leads 

to a set of 2 non-linear equations, where the sought-for variables are

𝐸 and 𝑇 , which can be found numerically for a given set of 𝑄, 𝑐 𝐹𝑢 

, 

𝑐 𝑂𝑢 

, 𝛼, 𝛽 and 𝜙. The solutions, i.e. roots of derivatives, were found

using modified Powell’s hybrid method of the ’root’ function (‘hybr’ 

method) implemented in the ’SciPy optimize’ package [21]. The modi-

fied Powell’s hybrid method is a SciPy implementation of this algorithm 

from MINPACK [22] package for solving systems of nonlinear equations. 

The Jacobian required during the solution was computed by the algo-

rithm using either the update formula of Broyden or forward-difference 

approximation. The convergence was controlled by a user-supplied tol-

erance xtol used to estimate the distance between the actual solution and

the current approximation of the solution, which we set to 10 

−13 . The

maximum number of calls to the function ’maxfev’ was set to 10 

4. All

other solver options remained unchanged, including the ’eps’ parameter 

used to calculate the forward-difference approximation of the Jacobian 

(set to machine precision by default). To perform the calculations, it was 

necessary to assume appropriate initial guesses for 𝑇 and 𝐸. The initial 

values depend on the other parameter values, i.e. 𝜙, 𝛼, 𝛽, and 𝑄. Since 

we started the calculations with small values of 𝑄, 𝛼 and 𝛽, 𝑇 = 1.1 was 

assumed and 𝐸 ranged from 10 to 24, depending on 𝛽 (higher initial 

𝐸 for higher 𝛽 was required). In the examples presented in Section 4.2, 

the calculations were started with the largest values of 𝑄. In the subse-

quent increments of 𝑄, the results from the previous solution were used 

as initial values. The Levenberg-Marquardt method available in SciPy’s 

‘root’ function was also tested and gave the same results as the modified 

Powell’s hybrid method. Another possible and elegant way to solve this 

problem is to apply the numerical continuation method. Analyzing the 

given expressions for the derivatives, one can see that the solution for 

criterion (34) is influenced only by the last terms of the products on the 

right-hand sides of Eqs. (35) and (36). The reason for this is that the first 

three factors can never be zero for physical solutions. In our calculations, 

in some cases we omitted the exp(𝐸∕𝑇 ) term, whose removal improved 

the stability of the solution for small values of 𝑄. In most cases, remov-

ing this term was not necessary. To validate the proposed approach, the 

methodology was first applied to the Oberlack et al. [3] criterion, for 

which the analytical solution is known. In Fig. 3 the Oberlack’s criterion
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(21) (analytical Oberlack) is compared with the numerical solution ob-

tained by finding the roots of the first two derivatives of (20) (numerical 

Oberlack) and the derivatives given by Eqs. (35) and (36) for 𝛼 = 1 and 

𝛽 = 0 (numerical this work). As can be seen, all the results (all three 

𝐸(𝑄) curves) coincide, and therefore it was confirmed that for 𝛼 = 1 and 

𝛽 = 0 the derivatives (35) and (36) simplify to the solution of Oberlack, 

and it was concluded that the methodology was validated and ready to 

be applied to solve Eqs. (34)–(36) under other conditions.

To compare the results with other MILD combustion definitions, the 

procedure presented in [4] and [5] was used, in which the different def-

initions can be compared in the diagram Δ𝑇 ∕𝑇 𝑢 

vs. 𝑇 𝑢 

. Here Δ𝑇 is the 

temperature increase in an adiabatic combustor. It can be shown that for 

the energy balance of such a chamber with assumed constant average 

specific heats and the same unburned temperatures of fuel, oxidizer and 

diluent, the ratio Δ𝑇 ∕𝑇 𝑢 

= 𝑄. In Fig. 4, four different MILD combustion 

regime boundaries according to the definitions of Oberlack et al. [3] 

(premixed), Cavaliere and de Joannon [4] (PSR), Evans et al. [5] (non-

premixed), and this work (premixed) for various equivalence ratios 𝜙, 
are shown. The MILD combustion regions lie under the curves (between 

the top and bottom curves for the model of Evans et al.). The self-ignition 

temperature for the model of Cavaliere and de Joannon was 𝑇 𝑠𝑖 

= 800 K. 

For the other models, the activation energy was 𝐸 

∗ = 2.02 × 10 

8 J/kmol, 

and the reaction orders were 𝛼 = 0.2, 𝛽 = 1.3 for CH 4 

[23]. Additionally, 

for the model of Evans et al. [5] the 𝑇 𝑠𝑡,𝑢 

= 𝑇 𝑢 

. The results obtained for 

the Oberlack et al., Cavaliere and de Joannon and Evans et al. models 

reproduce the results obtained in [5] (for slightly different data). They 

also show good qualitative agreement with the model introduced in this 

work, and quantitatively illustrate the effect of the kinetic parameters 

and the equivalence ratio on the results. An increase in the equivalence 

ratio results in a larger temperature increase Δ𝑇 ∕𝑇 𝑢 

, for the same in-

let/unburned temperature 𝑇 𝑢 

, which is consistent with intuition and the 

energy balance, and means that increasing 𝜙, increases the region of 

MILD combustion. The calculations for rich conditions did not take into 

account the effect of the decrease in the heat of combustion, which will 

be discussed in more detail later in this work. A broader discussion on 

the interpretation of the results for the Oberlack et al., Cavaliere and de 

Joannon and Evans et al. models can be found in the work [5]. From the 

obtained results, it can be concluded that the model presented in this 

work predicts trends consistent with the Oberlack et al. model, while 

allowing for the inclusion of the influence of the kinetic parameters 

𝛼, 𝛽 and equivalence ratio 𝜙 on the location of the MILD combustion 

boundary.

Fig. 3. The values of 𝐸 and 𝑄 defining the MILD combustion limit obtained by 

solving Eq. (21) (analytical Oberlack) and by applying the proposed methodol-

ogy of finding roots of the derivatives of Eq. (21) (numerical Oberlack) and roots 

of (35) and (36) with 𝛼 = 1 and 𝛽 = 0 (numerical this work).

Fig. 4. Comparison of various regime boundaries of MILD combustion according 

to four different definitions: Oberlack et al. [3] (premixed), Cavaliere and de 

Joannon [4] (PSR), Evans et al. [5] (non-premixed), and this work for various 

equivalence ratios 𝜙.

Fig. 5. Procedure for using the 𝐸(𝑄) curve to identify the combustion regime 

for given 𝑇 𝑢 and 𝑌 𝐹𝑢.

3.1. Using the 𝐸(𝑄) curves

To illustrate the procedure for using the determined 𝐸(𝑄) curves, 

let us consider a situation in which the curve is already known. The

method of its determination for a given fuel, i.e., for known 𝑄 

∗ , 𝛼,
𝛽, and 𝐸 

∗ and the equivalence ratio 𝜙 was presented in the previous 

section (it will be discussed later that the MILD combustion boundary

does not depend on 𝑐 𝐹𝑢 

and 𝑐 𝑂𝑢 

). In such a case, it is sufficient to deter-

mine/assume the temperature of the unburned mixture 𝑇 𝑢 

and the mass 

fraction of the fuel 𝑌 𝐹𝑢 

, and using the relationships given by Eq. (10), 

𝑄 = 𝑄 

∗ 𝑌 𝐹𝑢 

∕𝑊 𝐹 

𝑐 𝑝 

𝑇 𝑢 

, 𝐸 = 𝐸 

∗ ∕𝑅𝑇 𝑢 

can be determined. Fig. 5 shows an 

example of the 𝐸(𝑄) curve defining the MILD combustion boundary and 

an initial point (𝑄 0,𝐸 0 

) in the regular combustion region, characterized

by the existence of ignition and extinction solutions. To transition to the 

MILD combustion region, 𝑄 must be reduced, which can be achieved by

reducing the mass fraction of fuel in the mixture 𝑌 𝐹𝑢 

. Then, the value 

of 𝐸 does not change, and a transition to point (𝑄 1 

, 𝐸 1 

) occurs. It is 

also possible to transition from point (𝑄 0 

,𝐸 0 

) by increasing the mixture 

temperature 𝑇 𝑢 

. In this case, the values of 𝐸 and 𝑄 decrease during the 

transition to the point (𝑄 2 

, 𝐸 2 

). In particular, for a given unburned gas 

temperature 𝑇 𝑢 

, it is possible to find the maximum allowable fuel mass 

fraction to remain in the MILD regime (on the 𝐸(𝑄) curve). Then, for a 

given 𝑇 𝑢 = 𝐸 

∗ ∕𝐸𝑅, one obtains 𝑌 𝐹𝑢 = 𝑄𝑊 𝐹 

𝑐 𝑝 

𝐸 

∗ ∕𝐸𝑅𝑄 

∗ , where 𝑄 and

𝐸 should be determined from the 𝐸(𝑄) curve. It should also be empha-

sized that according to the above methodology of determining the MILD 

combustion boundary, the 𝐸(𝑄) curve depends on the equivalence ratio

Fuel 405 (2026) 136440 

6 



A. Klimanek, S. Sładek, K. Bizon et al.

𝜙. Therefore, a given fuel mass fraction 𝑌 𝐹𝑢 

corresponds to one value of 

the oxygen mass fraction by Eq. (29), i.e. 𝑌 𝑂𝑢 

= 𝑌 𝐹𝑢 

𝜈𝑊 𝑂 

∕𝜙𝑊 𝐹 

.

3.2. Mitigation of temperature overprediction

Under fuel-rich conditions (𝜙 > 1), combustible species are present in 

the combustion products. Neglecting this effect of incomplete combus-

tion leads to an overprediction of the product temperature 𝑇 

∗ if the heat 

of combustion 𝑄 

∗ is used in the model. Although the product species do 

not appear in the model, to account for the energy effects associated with 

all 𝑁 combustible products, such as CO, H 2 

, etc., the heat of combustion 

𝑄 

∗ can be reduced by:

Δ𝑄 

∗ =
𝑁
∑ 

𝑖=1
𝜈 𝑖 

𝑄∗
𝑖 (37)

where 𝜈 𝑖 

is the stoichiometric coefficient of the 𝑖-th product (per mole of

fuel) and 𝑄∗
𝑖 is the heat of combustion of the product species (per mole of 

product species). In general, the stoichiometric coefficients 𝜈 𝑖 

need to be 

calculated using temperature-dependent equilibrium constants or other 

equilibrium methods (if equilibrium can be assumed), or they represent 

the instantaneous composition of the reaction products at a given time 

(in non-equilibrium cases), which makes the formulation non-explicit. 

The determination of the composition of incomplete combustion prod-

ucts using equilibrium constants and other methods has been described 

in many combustion textbooks [2,24,25]. If, however, CO is assumed to 

be the only combustible compound formed during the incomplete com-

bustion of a hydrocarbon fuel C 𝑥 

H 𝑦 

, its corresponding coefficient 𝜈 𝐶𝑂 

can be calculated as:

𝜈 𝐶𝑂 = 

𝜙 − 1
𝜙

(

2𝑥 + 

𝑦
2

) 

(38)

Similarly, for incomplete combustion of H 2 

, where the only combustible 

product is H 2 

:

𝜈 𝐻2 =
𝜙 − 1
𝜙

(39)

Regardless of the equivalence ratio, the energy balance of the pro-

cess may also be affected by energy-consuming dissociation, which 

occurs at temperatures above approximately 1200 K [24]. If not ac-

counted for, this effect can also lead to an overprediction of temperature. 

When chemical equilibrium can be assumed, the composition of the 

combustion products can be determined using equilibrium constants. 

In non-equilibrium cases, however, the product composition should be 

evaluated at a specific time instance. In both cases, Eq. (37) can be 

used to reduce the heat of combustion and correct the overprediction 

of temperature.

4. Results and discussion

A series of calculations were performed to examine the influence of 

the non-dimensional heat release 𝑄, equivalence ratio 𝜙 and the reac-

tion orders 𝛼 and 𝛽 on the non-dimensional activation energy 𝐸, which 

sets the upper limit of MILD combustion. In Fig. 6 sample results are 

presented for 𝜙 = 1 and 0.5, and for 𝛼 = 0.4 and 1. As can be seen, 

whenever 𝛼 or 𝛽 or 𝜙 increases, 𝐸(𝑄) increases. For 𝛼 = 1 and 𝛽 = 0 the 

results coincide with the solution of Oberlack, as expected. This is true 

independently of the equivalence ratio. Interestingly, for stoichiometric 

conditions (𝜙 = 1), the results obtained also coincide with the solution 

of Oberlack whenever 𝛼 + 𝛽 = 1. The reason for this reduction is that in 

this special case of 𝛼 + 𝛽 = 1 and 𝜙 = 1, it can be shown that the Eq. (31) 

simplifies to

𝐷𝑎 = 

(𝑇 − 1) exp (𝐸∕𝑇 )
(𝑄 + 1 − 𝑇 )

𝜈 

𝛽 (40)

that differs from Oberlack’s definition of 𝐷𝑎 (20) by the constant 𝜈 

𝛽 . 

This constant cancels out when the derivatives of 𝐷𝑎(𝑇 ) are set to 0 to 

determine the MILD combustion limit. Furthermore, when 𝛽 < 1 − 𝛼, 𝐸 

is reduced w.r.t. the solution of Oberlack, and increases when 𝛽 > 1 − 𝛼. 
For 𝜙 other than 1, the latter rule is no longer true, and the results can 

coincide for various combinations of 𝛼 and 𝛽. However, for a nonphysical 

value of 𝜙 = 0 the solution reduces to the solution of Oberlack only 

when 𝛼 = 1, independently of 𝛽. It can also be noticed that the influence 

of the parameters studied on 𝐸 is most pronounced for large 𝜙. As 𝜙 

decreases, the set of solutions is more compact and the results are closer 

to the solution of Oberlack. This is expected since the assumption of lean 

combustion made by Oberlack et al. [3] is associated with a decrease of 

𝜙 (abundance of oxidizer), and it appears that it is less dependent on 𝛽 

as 𝜙 decreases. It should also be emphasized that the curves obtained 

that define the beginning of MILD combustion do not depend on 𝑐 𝐹𝑢 

and 𝑐 𝑂𝑢 

, although these quantities appear in the equations describing 

the derivatives (35) and (36). The reason for this lack of dependence 

can be found in the derivatives themselves, from which it follows that 

the only terms that can influence the result are the last factors in the 

Eqs. (35) and (36), because the first 3 factors of the product can never 

be 0, which is required to satisfy the conditions (34). As can be seen, 

𝑐 𝐹𝑢 

and 𝑐 𝑂𝑢 

do not appear in them. At the same time, there is a relation 

between 𝜙, 𝑐 𝐹𝑢 

and 𝑐 𝑂𝑢 

which follows from Eqs. (27)–(29)

𝜙 = 

𝑐 𝐹𝑢𝜈
𝑐 𝑂𝑢

(41)

so the solution depends on 𝜙 in which the ratio of 𝑐 𝐹𝑢 

and 𝑐 𝑂𝑢 

is con-

tained. As mentioned above, increasing 𝜙 shifts the MILD combustion 

boundary to higher values of 𝐸 (besides the cases when 𝛽 = 0), as can 

be seen in Fig. 6. Therefore, the model predicts a larger MILD region. If 

the unburned temperature 𝑇 𝑢 

does not change and 𝜙 is increased, larger 

values of 𝑌 𝐹𝑢 

are allowed to remain in the MILD regime. Similarly, if the 

unburned fuel mass fraction 𝑌 𝐹𝑢 

is constant and 𝜙 increases, the model 

predicts that lower unburned temperatures 𝑇 𝑢 

are allowed to remain in 

MILD regime, because both 𝐸 and 𝑄 are inversely proportional to 𝑇 𝑢 

. 

Similarly, increasing 𝛼 and 𝛽 shifts the MILD threshold to higher values 

of 𝐸. This behavior seems counterintuitive, as a reaction more sensi-

tive to both reactants shifts the MILD combustion boundary upward, 

enlarging this region. It should be noted that variations in reaction or-

ders are typically accompanied by corresponding changes in activation 

energy (change of fuel or applicability region). For more reactive fu-

els, the activation energy values of global reactions are usually lower 

than for less reactive fuels, which would suggest a lowering of the 𝐸(𝑄) 

limit. However, determining the origin of this behavior requires further 

analysis of this model.

The observation that some of the solutions obtained for specific val-

ues of 𝛼 and 𝛽 (i.e. 𝛼 + 𝛽 = 1 for 𝜙 = 1) are reduced to the Oberlack 

solution allows for a convenient presentation of the obtained MILD com-

bustion criteria in the form of the ratio 𝐸∕𝐸 𝑂 

, where 𝐸 𝑂 

= 4(1 + 𝑄)∕𝑄 

is the Oberlack criterion, as given in Eq. (21). In Fig. 7 the same results 

as presented in Fig. 6 are shown as the ratio of 𝐸∕𝐸 𝑂 

. The 𝐸∕𝐸 𝑂 

ratio 

is a constant function of 1 for the combinations of 𝜙, 𝛼 and 𝛽 discussed 

above.

4.1. Results for a wide range of parameter variability

The above model and calculation methodology were used to perform 

a series of calculations for selected ranges of variability of the variables 

𝑄, 𝜙, 𝛼 and 𝛽. The ranges of these parameters were assumed taking into 

account the values of 𝑄 associated with common fuels (𝑄 ∈ [0.2, 6.5]), 
and 𝛼 and 𝛽 that occur in global reaction mechanisms (𝛼 ∈ [0.2, 1.0], 
𝛽 ∈ [0.0, 1.6]), and for 𝜙 ∈ [0.2, 1.3]. The kinetic parameters for the 

single-step reaction of various hydrocarbon fuels and two alcohols can 

be found in the work of Westbrook et al. [23]. For H 2 

they are provided 

in the study of Marinov et al. [26], for CO in Dryer et al. [27], and for 

NH 3 

in Yang et al. [28]. The results summarizing all calculated 𝐸∕𝐸 𝑂
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Fig. 6. The non-dimensional activation energy 𝐸(𝑄) defining the MILD combustion boundary obtained for various 𝛽, 𝛼 = 0.4 and 1, for 𝜙 = 1 (left panels) and 𝜙 = 0.5 

(right panels).

Fig. 7. The non-dimensional activation energy ratio 𝐸∕𝐸 𝑂 

ratio vs 𝑄 defining the MILD combustion obtained for various 𝛽, 𝛼 = 0.4 and 1, for 𝜙 = 1 (left panel) and

𝜙 = 0.5 (right panel).
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ratios are presented in Figs. 8–11. The presented results are general and 

can be used for various fuels and their corresponding global one-step 

reaction mechanisms. It should also be stressed that, in general, the over-

all reaction order 𝛼 + 𝛽 should not be greater than 2 [29], due to the 

requirement of reaction propagation. The presented results also cover 

situations where this condition is not met (i.e. in some plots 𝛼 + 𝛽 > 2), 
which does not mean that it is physically justified. Furthermore, it is 

well known [23,25,30] that the flame speed 𝑆 for most hydrocarbon 

fuels decreases with pressure 𝑝, and theoretical considerations showed

that 𝑆 ∼ 𝑝 

(𝛼+𝛽−2)∕2 , which also leads to a limit on the value of the sum 

𝛼 + 𝛽. In addition, the selected highest 𝑄 value was determined for sto-

ichiometric (𝜙 = 1) combustion of hydrogen in air at 𝑇 𝑢 = 300 K. Such 

a high value at the MILD criterion is most likely unattainable for typi-

cal fuels, and smaller values of 𝑄 are expected, as will be shown below 

in the given numerical examples. To use the graphs in Figs. 8–11 for a 

given fuel for which 𝑄 

∗ , 𝛼, 𝛽, and 𝐸 

∗ are known, one possible approach 

is to assume 𝜙 and find the appropriate graph and line corresponding to 

the value of 𝛽. Then, assuming 𝑇 𝑢 

, 𝐸 can be calculated, and additionally

Fig. 8. The non-dimensional activation energy ratio 𝐸∕𝐸 𝑂 

for equivalence ratio 𝜙 ∈ [1.1, 1.3].

Fig. 9. The non-dimensional activation energy ratio 𝐸∕𝐸 𝑂 

for equivalence ratio 𝜙 ∈ [0.8, 1.0].
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Fig. 10. The non-dimensional activation energy ratio 𝐸∕𝐸 𝑂 

for equivalence ratio 𝜙 ∈ [0.5, 0.7].

Fig. 11. The non-dimensional activation energy ratio 𝐸∕𝐸 𝑂 

for equivalence ratio 𝜙 ∈ [0.2, 0.4].

assuming 𝑌 𝐹𝑢 

, 𝑄, 𝐸 𝑂 and 𝐸∕𝐸 𝑂 can be calculated. The position rela-

tive to the boundary line can then be determined, thus the combustion

regime can be identified. However, in order to find a more accurate po-

sition on the boundary line, 𝑇 𝑢 and/or 𝑌 𝐹𝑢 

must be selected, e.g. by trial

and error.

It has also been verified that the condition that the third derivative 

of the 𝐷𝑎 number is different from zero is satisfied at the solution of 

𝑑𝐷𝑎∕𝑑𝑇 = 0 and 𝑑 

2 𝐷𝑎∕𝑑𝑇 

2 = 0, see Eq. (34). The third derivative for 

all computed samples is presented in Fig. 12. As can be seen, all the third

derivatives are nonzero at the solution, as required by the condition for 

the inflection point.

4.2. Numerical example for selected fuels

Here we present an example of applying the developed computa-

tional methodology for the case of hydrogen and methane combustion, 

in which the one-step global reactions are
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Fig. 12. The third derivative of 𝐷𝑎 w.r.t. 𝑇 at the solution for all computed 

states.

Table 1 

Kinetic parameters and lower heating value for hydrogen and methane.

Fuel 𝑄 

∗ , MJ/kmol 𝐸 

∗ , J/kmol 𝛼 𝛽 Source

H 2 240.0 1.465 × 10 

8 1.0 0.5 [26]

CH 4 802.3 2.025 × 10 

8 0.2 1.3 [23]

H 2 

+ 1
2
O 2 → H 2 

O (42)

CH 4 

+ 2O 2 

→ CO 2 

+ 2H 2 

O (43)

The kinetic parameters for the reactions were taken from Marinov et al. 

[26] for hydrogen and Westbrook et al. [23] for methane. The values of 

the kinetic parameters and heating value 𝑄 

∗ are presented in Table 1.

The following procedure was applied to compute subsequent quan-

tities:

• Choose the equivalence ratio 𝜙, dimensionless heat of combustion 𝑄
and unburned gas specific heat 𝑐 𝑝
• Calculate the dimensionless activation energy 𝐸 and corresponding

dimensionless temperature 𝑇 for known 𝛼, 𝛽, 𝑄 and 𝜙 using Eq. (34)

• Knowing the dimensionless activation energy 𝐸 calculate the un-

burned gas temperature as 𝑇 𝑢 

= 𝐸 

∗ ∕𝐸𝑅
• Calculate the unburned fuel mass fraction as 𝑌 𝐹𝑢 

= 𝑄𝑊 𝐹 

𝑐 𝑝 

𝑇 𝑢 

∕𝑄 

∗

• Calculate the unburned oxygen mass fraction 𝑌 𝑂𝑢 

for the known 𝑌 𝐹𝑢
and 𝜙 using 𝑌 𝑂𝑢 

= 𝑌 𝐹𝑢 

𝑛 𝑂2,min 

𝑊 𝑂 

∕𝜙𝑊 𝐹 

, where 𝑛 𝑂2,min 

is the minimum 

oxygen requirement expressed in moles of oxygen per mole of fuel 

Figs. 13 and 14 show the results obtained after applying the above 

procedure for hydrogen and methane, respectively. In the left panels of 

the figures, the calculated dimensionless activation energy (indicating 

the upper boundary of MILD combustion region) and the correspond-

ing temperature are presented for various 𝑄 and equivalence ratios 𝜙. 
It should be noted that complete combustion was assumed in the model 

and a constant value of heat of combustion (lower heating value) 𝑄 

∗ 

was used also in rich conditions. Therefore, the presented results for 

𝜙 > 1 correspond to slightly higher values of 𝑄 than expected in reality, 

which also leads to higher predicted temperatures. A corrected (smaller) 

𝑄 

∗ could be used to compensate for the error resulting from incomplete 

combustion. As can be seen, the influence of 𝜙 on 𝐸 is significant and 

is much stronger for methane than for hydrogen. The highest values of 

𝐸 were obtained for 𝜙 = 1.2, and gradually decreased with decreas-

ing 𝜙, which is in agreement with the previous results. For example, 

for methane and 𝑄 = 0.1 the value of 𝐸 for 𝜙 = 1 is 69 % higher

than for 𝜙 = 0.4. For hydrogen, the difference comprises only 15 %. 

The figures also show the result obtained using the Oberlack definition, 

which, for hydrogen, reaches the lowest values. This is consistent with 

the previously discussed lean combustion assumption, related to small 

𝜙. However, it should be noted that for methane the curve derived from 

the Oberlack criterion does not show this property, which is related to 

the very small 𝛼 (𝛼 = 0.2) reducing 𝐸. The left panels of the figures also

show the nondimensional value of 𝑇 corresponding to 𝐸, which limits 

the MILD combustion region. This temperature determines only the tem-

perature value 𝑇 for which the 𝑇 vs. 𝐷𝑎 curves change from the S-curve

with two turning points to the monotonic function with an inflection 

point. This value is therefore of rather informative importance, as it 

cannot be an indicator of MILD combustion by itself. The right panels of 

Figs. 13 and 14 show the corresponding temperature of the unburned gas

(𝑇 𝑢 

= 𝐸 

∗ ∕𝐸𝑅), as well as the mass fractions of fuel and oxygen. As 𝑄 in-

creases, 𝐸 decreases, which in turn leads to an increase in 𝑇 𝑢 

, according 

to the definition of 𝐸 in Eq. (10). The fuel mass fractions 𝑌 𝐹𝑢 presented

in the graphs are an important indicator of the given definitions of MILD 

combustion, as they inform what the maximum fuel mass fraction can

be for a given temperature 𝑇 so𝑢  that the MILD combustion condition is

met. Higher fuel mass fractions would lead to an increase in 𝑄, which 

in turn would be associated with exceeding the MILD combustion limit 

(the 𝐸 curve) and transitioning to combustion in which ignition and ex-

tinction occur. The corresponding mass fraction of oxygen 𝑌 𝑂𝑢 

plays the 

same role since it is linked to 𝑌 𝐹𝑢 

through 𝑌 𝑂𝑢 = 𝑌 𝐹𝑢 

𝑛𝑂 2,min .𝑂  

𝑊 ∕𝜙𝑊 𝐹  

From the presented figures, it can also be concluded that for a constant 

temperature 𝑇 , an𝑢    

 

increase in the value of 𝜙 causes an increase in the

allowable mass fraction of fuel 𝑌 xygen 

 

(the fraction of o depends di𝐹𝑢  -

rectly on 𝜙). Moreover, for a constant fuel mass fraction 𝑌 𝐹𝑢 

, an increase 

in 𝜙 results in the possibility of maintaining MILD combustion at lower 

temperatures 𝑇 𝑢 

.

4.3. Approximation

The general solutions presented in Figs. 9–11 can be approximated 

by fitting functions, which can be used in practical calculations and can 

easily be implemented in computational programs. For this purpose, the 

solutions obtained for 𝜙 ≤ 1 were approximated by combinations of 

polynomials (3rd order), power functions, and logarithms, as well as 

pure polynomials (4th order). The fitting of the approximation functions 

was performed using the ‘curve_fit’ function of the ‘SciPy optimize’ sub-

module [21] and Scikit-learn [31], respectively. The 𝐸∕𝐸 𝑂 

ratio, where 

𝐸 𝑂 

= 4(1 + 𝑄)∕𝑄, has been approximated with third and fourth-order

polynomials with respect to 𝛼, 𝛽, and 𝑄 for various equivalence ratios 

𝜙. The approximation functions used are of the form

𝑓 3(𝑥, 𝑄, 𝑛) = (𝑎 0𝑥 

3 + 𝑎 1 

𝑥 

2 + 𝑎 2 

𝑥 + 𝑎 3 

) ln(𝑎 4 

𝑄 + 𝑎 5 

) + 𝑎 6 

𝑄 

𝑛+

+ 𝑎 7 

𝑥 

3 + 𝑎 8 

𝑥 

2 + 𝑎 9𝑥 + 𝑎 10

𝑥(𝛼, 𝛽) = 𝑎 11𝛼 + 𝑎 12 

𝛽

𝑛(𝛼, 𝛽) = 𝑎 13𝛼 + 𝑎 14𝛽 (44)

𝑓 4(𝛼, 𝛽, 𝑄) = 𝑎 0 + 𝑎 1 

𝛼 + 𝑎 2𝛽 + 𝑎 3𝑄 + 𝑎 4 

𝛼 

2 + 𝑎 5𝛼𝛽 + 𝑎 6 

𝛼𝑄+ 

+ 𝑎 7𝛽 

2 + 𝑎 8 

𝛽𝑄 + 𝑎 9 

𝑄 

2 + 𝑎 10 

𝛼 

3 + 𝑎 11 

𝛼 

2 𝛽 + 𝑎 12𝛼 

2 𝑄 + 𝑎 13𝛼𝛽 

2 + 

+ 𝑎 14𝛼𝛽𝑄 + 𝑎 15 

𝛼𝑄 

2 + 𝑎 16𝛽 

3 + 𝑎 17 

𝛽 

2 𝑄 + 𝑎 18𝛽𝑄 

2 + 𝑎 19 

𝑄 

3 + 

+ 𝑎 20𝛼 

4 + 𝑎 21𝛼 

3 𝛽 + 𝑎 22 

𝛼 

3 𝑄 + 𝑎 23 

𝛼 

2 𝛽 

2 + 𝑎 24𝛼 

2 𝛽𝑄 + 𝑎 25 

𝛼 

2 𝑄 

2 +

+ 𝑎 26𝛼𝛽 

3 + 𝑎 27𝛼𝑥 

2 

1𝑄 + 𝑎 28𝛼𝛽𝑄 

2 + 𝑎 29 

𝛼𝑄 

3 + 𝑎 30 

𝛽 

4 + 𝑎 31𝛽 

3 𝑄+

+ 𝑎 32𝛽 

2 𝑄 

2 + 𝑎 33 

𝛽𝑄 

3 + 𝑎 34𝑄 

4 (45)

A relatively high (3rd and 4th) order polynomials were chosen be-

cause a lower degree led to unsatisfactory accuracy. It was not possible 

to obtain accurate fitting functions with explicit dependency on the 

equivalence ratio. Instead, in Tables 2 and 3 different fitting coefficients
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Fig. 13. The boundaries of MILD combustion region for hydrogen at various equivalence ratios (left panel). The corresponding unburnt fuel and oxygen mass fractions 

at unburnt temperatures 𝑇 𝑢 for 𝑐 𝑝 = 1 kJ∕kgK (right panel).

Fig. 14. The boundaries of MILD combustion region for methane at various equivalence ratios (left panel). The corresponding unburnt fuel and oxygen mass fractions 

at unburnt temperatures 𝑇 𝑢 for 𝑐 𝑝 = 1 kJ∕kgK (right panel).

Table 2 

Coefficients of function (44) for various equivalence ratios 𝜙, valid for 𝛼 ∈ [0.2, 1.0], 𝛽 ∈ [0.0, 1.6], 𝑄 ∈ [0.2, 6.5].

𝜙 1 0.9 0.8 0.7 0.6 0.5 0.4 0.3

𝑅 

2 0.9998 0.9997 0.9997 0.9994 0.9988 0.9990 0.9986 0.9987

𝑅𝑀𝑆𝐸 1.859 E-03 2.184 E-03 2.060 E-03 2.445 E-03 3.288 E-03 3.410 E-03 3.446 E-03 3.318 E-03

max 𝛿 𝑟𝑒𝑙 2.398 E-02 2.056 E-02 2.733 E-02 3.475 E-02 6.716 E-02 7.150 E-02 7.098 E-02 5.200 E-02

𝑎 0 −7.097569 E-03 −7.258785 E-01 −1.518350 E-02 2.659435 E+00 −3.656741 E-03 −8.117686 E-01 −1.280713 E+00 −1.085637 E-02

𝑎 1 4.401653 E-02 9.551209 E-01 6.821748 E-02 2.166456 E+00 2.759087 E-02 9.390432 E-01 1.264272 E+00 5.343119 E-02

𝑎 2 −2.005878 E-01 −8.853729 E-01 −3.128557 E-01 1.578165 E+00 −7.809036 E-02 −8.495989 E-01 −1.153465 E+00 −1.876438 E-01

𝑎 3 1.799359 E-01 1.803519 E-01 1.750786 E-01 1.674327 E-01 1.529755 E-01 1.651585 E-01 1.706141 E-01 1.727987 E-01

𝑎 4 1.691307 E-01 1.747011 E+00 2.148574 E+00 1.803302 E+01 2.240006 E+00 8.041300 E+00 9.868582 E+00 4.269684 E+00

𝑎 5 6.016567 E-02 6.009024 E-01 6.074521 E-01 3.439178 E+00 1.151750 E-01 1.123001 E+00 1.663198 E+00 6.965997 E-01

𝑎 6 3.892238 E-03 2.965708 E-04 5.814726 E-01 1.718066 E+01 −7.118690 E-01 −4.776935 E-02 6.279207 E+01 −3.702090 E-02

𝑎 7 −7.613530 E-05 1.652643 E+00 4.325570 E-02 −1.349822 E+01 1.156019 E-02 3.423229 E+00 5.639438 E+00 3.735653 E-02

𝑎 8 −1.329090 E-02 −2.438019 E+00 −2.128220 E-01 −1.123934 E+01 −8.299950 E-02 −4.035597 E+00 −5.706304 E+00 −1.885953 E-01

𝑎 9 1.331167 E-01 2.678114 E+00 8.862427 E-01 −8.017214 E+00 4.215673 E-01 3.876903 E+00 5.056090 E+00 7.261248 E-01

𝑎 10 8.528149 E-01 4.353416 E-01 −1.705985 E-01 −1.710588 E+01 1.172121 E+00 2.667654 E-01 −6.262897 E+01 3.361886 E-01

𝑎 11 1.161758 E+00 2.611313 E-01 8.951512 E-01 −1.609752 E-01 1.434429 E+00 2.623399 E-01 2.434479 E-01 1.320079 E+00

𝑎 12 1.161528 E+00 2.247740 E-01 6.459101 E-01 −9.630859 E-02 6.947905 E-01 1.018225 E-01 7.032864 E-02 2.755930 E-01

𝑎 13 6.021491 E-01 8.016361 E-01 8.341232 E-02 2.072110 E-03 1.117986 E-01 −1.036252 E-01 7.166367 E-04 −8.274036 E-02

𝑎 14 6.136727 E-01 1.103353 E+00 6.825795 E-02 1.662937 E-03 4.419714 E-02 −2.811698 E-01 3.357059 E-04 −2.632202 E-01

(𝑎 0 

–𝑎 14 

for 𝑓 3 

and 𝑎 0 

–𝑎 34 for 𝑓 4) are given for different equivalence ra-

tios. The tables also contain the coefficients of determination 𝑅 

2 , Root 

Mean Square Errors (RMSE) and maximum relative errors (𝛿 𝑟𝑒𝑙 

) for each

function. A comparison of the fitting functions with the actual results, 

for selected cases, is presented in Figs. 15 and 16. In general, the ap-

proximation functions predict the true numerical results well. For the 

approximation function 𝑓 3 

, although the coefficient of determination 𝑅 

2 

was greater than 0.9986 in all cases, small local overfitting can be ob-

served. The approximation was improved and overfitting was reduced

when the 4th order polynomials were used. Then 𝑅 

2 was greater than 

0.9997 in all cases. However, this was achieved by making the model 

more complex and using a significant number of coefficients, totaling 

35. The approximation functions can be used for a given fuel, where 

𝛼 and 𝛽 are known and for a given equivalence ratio 𝜙. Then the ra-

tio 𝐸∕𝐸 𝑂 

can be determined as a function of 𝑄. If equivalence ratios 

other than those specified are needed, one can interpolate between two 

𝐸∕𝐸 𝑂 

curves. The further procedure is analogous to the use of graphs of 

Figs. 8–11, which was described in Section 4.1.
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Table 3 

Coefficients of polynomial (45) for various equivalence ratios 𝜙, valid for 𝛼 ∈ [0.2, 1.0], 𝛽 ∈ [0.0, 1.6], 𝑄 ∈ [0.2, 6.5].

𝜙 1.0 0.9 0.8 0.7 0.6 0.5 0.4 0.3

𝑅 

2 0.9997 0.9998 0.9998 0.9998 0.9998 0.9997 0.9997 0.9997

𝑅𝑀𝑆𝐸 2.239 E-03 1.777 E-03 1.518 E-03 1.451 E-03 1.487 E-03 1.522 E-03 1.496 E-03 1.395 E-03

max 𝛿 𝑟𝑒𝑙 4.128 E-02 3.009 E-02 2.088 E-02 1.444 E-02 1.522 E-02 1.674 E-02 1.844 E-02 1.893 E-02

𝑎 0 4.175398 E-01 4.046031 E-01 3.931589 E-01 3.835216 E-01 3.759052 E-01 3.703875 E-01 3.668813 E-01 3.651387 E-01

𝑎 1 7.456192 E-01 7.699584 E-01 7.950708 E-01 8.199138 E-01 8.433387 E-01 8.642224 E-01 8.817005 E-01 8.953751 E-01

𝑎 2 7.194717 E-01 6.088748 E-01 5.059087 E-01 4.113949 E-01 3.260377 E-01 2.502396 E-01 1.839594 E-01 1.267002 E-01

𝑎 3 1.744197 E-01 1.913051 E-01 2.059047 E-01 2.177896 E-01 2.266427 E-01 2.323425 E-01 2.350376 E-01 2.351489 E-01

𝑎 4 −2.146670 E-01 −2.373919 E-01 −2.633827 E-01 −2.919733 E-01 −3.220789 E-01 −3.522332 E-01 −3.808927 E-01 −4.068679 E-01

𝑎 5 −3.576551 E-01 −3.211350 E-01 −2.814389 E-01 −2.393333 E-01 −1.962385 E-01 −1.539945 E-01 −1.143963 E-01 −7.875968 E-02

𝑎 6 −2.170007 E-01 −2.298835 E-01 −2.431259 E-01 −2.560036 E-01 −2.676524 E-01 −2.772014 E-01 −2.840003 E-01 −2.878066 E-01

𝑎 7 −1.739061 E-01 −1.239737 E-01 −8.435352 E-02 −5.443518 E-02 −3.307447 E-02 −1.871256 E-02 −9.650989 E-03 −4.339079 E-03

𝑎 8 −2.096311 E-01 −1.717194 E-01 −1.364389 E-01 −1.044365 E-01 −7.637813 E-02 −5.280352 E-02 −3.396987 E-02 −1.977303 E-02

𝑎 9 −2.137165 E-02 −2.930185 E-02 −3.611241 E-02 −4.160412 E-02 −4.562845 E-02 −4.813260 E-02 −4.919847 E-02 −4.904306 E-02

𝑎 10 6.494910 E-02 7.460021 E-02 8.658672 E-02 1.009287 E-01 1.173618 E-01 1.352493 E-01 1.537070 E-01 1.719052 E-01

𝑎 11 1.408238 E-01 1.368754 E-01 1.301575 E-01 1.201122 E-01 1.066829 E-01 9.043973 E-02 7.239937 E-02 5.363460 E-02

𝑎 12 3.321427 E-02 3.925346 E-02 4.628375 E-02 5.408725 E-02 6.225953 E-02 7.023075 E-02 7.740215 E-02 8.332464 E-02

𝑎 13 1.259942 E-01 9.981973 E-02 7.560813 E-02 5.435793 E-02 3.682252 E-02 2.326861 E-02 1.344994 E-02 6.810747 E-03

𝑎 14 5.409488 E-02 4.909448 E-02 4.293699 E-02 3.578313 E-02 2.805231 E-02 2.037275 E-02 1.341769 E-02 7.715250 E-03

𝑎 15 3.241808 E-02 3.477841 E-02 3.719037 E-02 3.948575 E-02 4.145954 E-02 4.290725 E-02 4.368443 E-02 4.375235 E-02

𝑎 16 4.309141 E-02 2.757406 E-02 1.658588 E-02 9.331156 E-03 4.880327 E-03 2.339703 E-03 9.947641 E-04 3.496627 E-04

𝑎 17 2.630008 E-02 1.754594 E-02 1.069941 E-02 5.739600 E-03 2.502213 E-03 6.773261 E-04 −1.340155 E-04 −3.285032 E-04

𝑎 18 3.177675 E-02 2.552641 E-02 1.966284 E-02 1.433777 E-02 9.716447 E-03 5.944196 E-03 3.105497 E-03 1.197973 E-03

𝑎 19 −3.100745 E-04 1.237898 E-03 2.566975 E-03 3.639583 E-03 4.428159 E-03 4.924082 E-03 5.144970 E-03 5.134317 E-03

𝑎 20 −8.482735 E-03 −1.001363 E-02 −1.205960 E-02 −1.469890 E-02 −1.795706 E-02 −2.176213 E-02 −2.595339 E-02 −3.035278 E-02

𝑎 21 −2.117784 E-02 −2.199985 E-02 −2.246300 E-02 −2.229218 E-02 −2.126181 E-02 −1.929321 E-02 −1.647754 E-02 −1.299400 E-02

𝑎 22 −4.792522 E-03 −5.830811 E-03 −7.153464 E-03 −8.767833 E-03 −1.063642 E-02 −1.266403 E-02 −1.471794 E-02 −1.667268 E-02

𝑎 23 −2.620972 E-02 −2.274321 E-02 −1.888311 E-02 −1.485899 E-02 −1.098670 E-02 −7.559491 E-03 −4.752337 E-03 −2.617222 E-03

𝑎 24 −1.018265 E-02 −1.028183 E-02 −1.008410 E-02 −9.501533 E-03 −8.508553 E-03 −7.169262 E-03 −5.620897 E-03 −4.019801 E-03

𝑎 25 −1.394098 E-03 −1.821584 E-03 −2.327546 E-03 −2.891630 E-03 −3.474561 E-03 −4.021192 E-03 −4.474843 E-03 −4.794896 E-03

𝑎 26 −1.652268 E-02 −1.176153 E-02 −7.873739 E-03 −4.926735 E-03 −2.863335 E-03 −1.525395 E-03 −7.214653 E-04 −2.826319 E-04

𝑎 27 −9.081064 E-03 −7.204153 E-03 −5.389221 E-03 −3.753803 E-03 −2.403114 E-03 −1.392722 E-03 −7.127319 E-04 −3.056704 E-04

𝑎 28 −2.268519 E-03 −2.066805 E-03 −1.767156 E-03 −1.379958 E-03 −9.401980 E-04 −5.043366 E-04 −1.353461 E-04 1.164267 E-04

𝑎 29 −1.984907 E-03 −2.133710 E-03 −2.284692 E-03 −2.425182 E-03 −2.539750 E-03 −2.613354 E-03 −2.636018 E-03 −2.606191 E-03

𝑎 30 −4.496232 E-03 −2.624949 E-03 −1.424292 E-03 −7.166495 E-04 −3.325737 E-04 −1.393831 E-04 −5.021766 E-05 −1.411191 E-05

𝑎 31 −3.119957 E-03 −1.921105 E-03 −1.081860 E-03 −5.466948 E-04 −2.418547 E-04 −8.970357 E-05 −2.512057 E-05 −3.632060 E-06

𝑎 32 −1.105669 E-03 −6.367064 E-04 −2.779041 E-04 −3.377474 E-05 1.022756 E-04 1.495978 E-04 1.368486 E-04 9.434521 E-05

𝑎 33 −1.970120 E-03 −1.572022 E-03 −1.195506 E-03 −8.519215 E-04 −5.539406 E-04 −3.130687 E-04 −1.364364 E-04 −2.456190 E-05

𝑎 34 1.759761 E-04 7.027949 E-05 −2.063264 E-05 −9.428979 E-05 −1.489240 E-04 −1.840635 E-04 −2.009889 E-04 −2.026735 E-04

5. Model applicability

The solution and criterion obtained by Oberlack et al. [3] given by 

Eqs. (20) and (21), as well as in this work (31), are based on the same 

assumptions of a perfectly stirred reactor and a one-step reaction. These 

assumptions limit the applicability of these models because the assumed 

perfect mixing of the reactants, and therefore, the mixing time is in-

finitely short, and the composition and temperature are uniform within 

the entire system.

This means that in practice, the mixing time should be shorter than 

both the residence time (9) and the reaction time. At the same time, 

various values of the Damköhler number defined in Eq. (10) are permis-

sible, i.e., both smaller and larger than 1. Therefore, the model can be 

used in situations where the mixing rate significantly exceeds the reac-

tion rate, for example in combustors with intense turbulent mixing and 

slow reactions, where the residence time is still longer than the mixing 

time. This is consistent with previous observations that MILD combus-

tion occurs in regions with diluted reactants and distributed reaction 

zones characterized by reduced temperature and slower reactions. These 

conditions are characterized by Damköhler numbers (defined as the mix-

ing time and reaction time), close to or smaller than 1. In the latter 

case, they can be considered favorable for the assumption of a short mix-

ing time in the PSR. In addition, the homogeneity of the concentration 

and temperature fields makes the model unsuitable for describing sys-

tems characterized by inhomogeneities, temperature gradients, or strong 

stratification.

The second important assumption of the model is the assumption of 

a one-step chemical reaction. As a result, based on the effective acti-

vation energy, this definition separates the conventional autoignitive

combustion from gradually igniting MILD combustion. In this work, 

the influence of the reactants’ concentrations and equivalence ratio is 

additionally included; however, the detailed reactions and the role of in-

termediate species and radicals are not. In particular, MILD combustion 

often occurs in the presence of recirculated exhaust gases, containing 

radicals that facilitate the initiation and propagation of the process. In 

this context, the possibility of representing the onset of this process us-

ing a single reaction with an effective activation energy raises concerns. 

As discussed in [17,32], the processes under MILD conditions cannot be 

represented without detailed modeling of the elementary reactions. A 

similar conclusion on the role of radicals was drawn by Ref. [33], who 

used the S-curve-based MILD definition of Evans et al. [5] in DNS studies 

of non-premixed flames. The above considerations suggest that both the 

model developed in this study and that proposed by Oberlack et al. [3] 

may have difficulties in predicting the actual conditions of MILD com-

bustion due to the assumptions made. Therefore, preliminary results are 

presented below obtained using a PSR model with a GRI 3.0 mechanism, 

to verify the behavior of S-curves in the regions of ’regular combus-

tion’ and MILD combustion, as predicted by our model. The calculations 

were done using Cantera [34] code, and IdealGasReactor model for var-

ious residence times 𝑡 

∗ 

𝑚, unburned temperatures 𝑇 𝑢 

, and unburned fuel 

mass fraction 𝑌 𝐹𝑢 

for a given equivalence ratio 𝜙. The calculations were 

performed independently for the upper and lower branches of the S-

curve, assuming that the reactants were at 𝑇 𝑢 

in the initial state (for the 

lower branch) and in the burned state, i.e., in equilibrium (for the up-

per branch). The calculations were performed using a transient solver, 

and integration continued until a steady state was reached. This ap-

proach was necessary due to the lack of a dedicated steady-state solver in
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Fig. 15. The 𝐸∕𝐸 𝑂 

ratio predicted by the approximation function (44) (dots) and the true result obtained from the numerical solution of (34) (solid lines) for selected 

𝛼, 𝛽 and 𝜙.

Fig. 16. The 𝐸∕𝐸 𝑂 

ratio predicted by the approximation polynomials of 4th order (dots) and the true result obtained from the numerical solution of (34) (solid lines) 

for selected 𝛼, 𝛽 and 𝜙.

Cantera, which would otherwise be more suitable for this type of calcu-

lation. The method does not allow for predicting the unstable (middle) 

branch of the S-curve. Calculations were performed for a CH 4 

-O 2 

-N 2

mixture in which the fuel mass fraction 𝑌 𝐹𝑢 and equivalence ratio 𝜙
were assumed, the mass fraction of oxygen was calculated according to 

Eq. (29), and nitrogen was calculated as the complement to unity. The
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Fig. 17. The upper (dotted line) and lower (solid line) branches of the S-curves for CH 4-O 2 

-N 2 

mixture at 4 unburned mixture temperatures, for 𝑌 𝐹𝑢 

= 0.05 corresponding 

to regular combustion and 𝑌 𝐹𝑢 

= 0.001 corresponding to MILD combustion, as predicted by the generalized model.

presented results were obtained for the situation in which the model 

discussed in this work predicts standard combustion for 𝑌 𝐹𝑢 

=0.05 and 

MILD combustion for 𝑌 𝐹𝑢 

=0.001, which correspond to the predictions 

presented in Fig. 14. In Fig. 17 the predicted temperatures as a function 

of residence times are shown, with the solid line representing the lower 

branch and the dotted line the upper branch. As can be observed, for 

large fuel mass fractions, ignition and extinction occur at significantly 

different residence times, as expected. For small fuel mass fractions, 

these points approach each other, but the S-curve becomes monotonic 

only for very high temperatures. The presence of chemically active rad-

icals in the upper branch and their absence in the lower branch lead 

to substantial differences in system behavior, which gradually dimin-

ish as the fuel concentration decreases and the unburned temperature 

increases. The lack of detailed chemistry in both the model presented 

in this study and that of Oberlack et al. [3] results in an inability to 

accurately predict the system response unless these effects are prop-

erly accounted for. Nevertheless, the predicted trends, such as the effect 

of fuel dilution and increasing temperature resulting in a more grad-

ual transition between unburned and burned states, are consistent with 

physical expectations, indicating that the models have the potential to 

be further refined to capture these effects more accurately. The results 

presented in this section are preliminary and require deeper analysis 

due to the applied computational method. As was shown in [8], the 

used approach may not lead to the same results as those obtained using 

steady-state solvers.

6. Conclusions

The goal of this work was to formulate governing equations and pro-

vide a numerical solution describing the generalized definition of MILD 

combustion for premixed flames of Oberlack et al. [3]. For this pur-

pose, the homogeneous flow reactor model equations were used and an 

expression for the Damköhler number at equilibrium was found. This 

formula was then applied to find numerically inflection points of the 

𝐷𝑎(𝑇 ) curve, which define the onset of the MILD combustion regime,

as previously defined by Oberlack et al. [3] for a one-step reaction. 

Unlike the definition of Oberlack et al., the generalized solutions pro-

vided in this study additionally include the dependence on reaction 

orders (𝛼 and 𝛽) and the equivalence ratio 𝜙. Furthermore, unlike the 

previous definition, it is strictly valid from stoichiometric to lean con-

ditions (𝜙 ≤ 1). In rich conditions, the error resulting from incomplete 

combustion should be taken into account. This removes the limitations 

of the previous definition, which now incorporates various combustion 

conditions (stoichiometries) and reaction systems of various reactivity. 

Unfortunately, no analytical solution to the governing equations that 

define the MILD combustion boundary was found, which is due to the 

highly nonlinear character of the model. Instead, a numerical solution 

was provided in terms of graphs and approximation functions, all valid 

in a wide range of parameters (𝑄, 𝛼, 𝛽, and 𝜙). If other parameter ranges 

are needed, the proposed numerical solution methodology can be used to 

find them. Two practical examples computed for hydrogen and methane 

were presented and discussed in detail. The influence of the parameters 

𝛼, 𝛽, and 𝜙 on the limit curve defining the MILD combustion regime was 

shown to be significant, and their use will allow a more precise definition 

of the boundary line. Furthermore, the maximum fuel mass fractions 

and their corresponding oxygen mass fractions at given unburnt gas 

temperatures at the upper boundary of the MILD combustion were also 

determined. Other limitations of the method resulting from the assump-

tions made remain in force. It should be emphasized that the developed 

model is based on the assumption of premixed conditions, and its suit-

ability for MILD combustion for non-premixed configurations, as is the 

case in many industrial applications, is limited. Furthermore, the role 

of detailed chemical kinetics appears to be essential in the prediction of 

combustion regimes, which could not be accurately captured by the one-

step reaction and a single effective activation energy used in the current 

model and in [3]. These differences were highlighted by comparison 

with the results from the PSR model simulation, with detailed chem-

istry. Observed trends, however, align with the more detailed results 

and suggest potential for further refinement of the model to enhance 

its predictive accuracy. Further research can also be directed towards
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finding an analytical solution or better approximation functions of the 

given numerical solution. The model should also be validated against 

experimental data.
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