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a b s t r a c t 

A Stefan flow can be generated during a phase change or reactions of a particle immersed in a fluid. This 

study investigates the effect of Stefan flow on the exchange of momentum (drag coefficient ( C D )) and 

heat transfer (Nusselt number (Nu)) between the particle and bulk-fluid. Fully resolved simulations were 

carried out for a flow near a spherical particle immersed in a uniform bulk flow. The immersed boundary 

method is used for implementing fluid-solid interactions and the particle is considered as a static bound- 

ary with fixed boundary conditions. In a non-isothermal flow, the changes in thermophysical properties 

at the boundary layer played a role in the variation of C D and Nu by a Stefan flow further. The previously 

developed model for the drag coefficient of a spherical particle in a uniform isothermal flow was modi- 

fied for a uniform non-isothermal flow. The model is developed based on physical interpretation. A new 

model is developed for the Nusselt number for a spherical particle with a uniform Stefan flow combining 

available models in literature. The models are validated for Stefan Reynolds number −8 � Re s f,p � 25 and 

particle Reynolds number of 2 � Re f � 30 in gas flow (i.e. Pr ≈ 0 . 7 ). 

© 2021 The Author(s). Published by Elsevier Ltd. 

This is an open access article under the CC BY license ( http://creativecommons.org/licenses/by/4.0/ ) 
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. Introduction 

Particle-laden flows have many complexities due to e.g. flow 

eparation, particle wakes, multi-particle effects, Stefan flow ef- 

ects and reactions. Such flows are associated with physical ef- 

ects that have a wide range of length and time scales. For ex- 

mple, the largest length scale in pulverized boilers (reactor) 

s O(10 1 m) while the smallest physical scale (particle boundary 

ayer) is O(10 −5 m) and the smallest chemical scale is O(10 −10 m) . 

herefore, it is currently impossible to resolve all scales in any 

umerical setup of practical relevance. This gap can be bridged 

y developing models describing the effects occurring at smaller 

cales (smallest physical/chemical scales). The smallest physical 

cales ( O(10 −5 m )) can be studied through detailed numerical sim- 

lations. In contrast to experimental data, numerical simulations 

reate a virtual environment that is much more versatile to eluci- 

ate the relevant transport phenomena and that can be used for 
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eveloping models. In the current study, we investigate the Stefan 

ow effects in particle-laden flows using numerical simulations. 

A Stefan flow is created when there is a net flow of gas/fluid 

owards or away from a solid surface that is reacting or undergo- 

ng a phase change ( Murphy and Shaddix, 2003 ). Some examples 

re: evaporation, condensation and combustion of droplets as well 

s pulverized fuel combustion and gasification. The Stefan flow can 

ffect the exchange of mass, momentum and heat between the sur- 

ace and the bulk fluid in particle-laden flows. Models for Nusselt 

umber ( Nu ), Sherwood number ( Sh ) and the drag coefficient ( C D )

re used to calculate heat, mass and momentum transfer between 

he particle and the fluid, respectively. However, this study will 

nly consider the Nusselt number and the drag coefficient. 

In the past, the Stefan flow effect was considered for droplet 

vaporation and combustion ( Renksizbulut and Yuen, 1983b; 

983a; Abramzon and Sirignano, 1989; Harpole, 1981 ). Lately, an 

nterest for the effect of the Stefan flow has emerged for coal 

ombustion applications due to high reactive gas concentration 

n Oxy-fuel combustion (O 2 /CO 2 ) compared to air-fuel combustion 

N 2 /O 2 ). The importance of Stefan flow in Oxy-fuel combustion of 

oal is emphasized by Yu et al. (2013) . According to them, a Ste- 
under the CC BY license ( http://creativecommons.org/licenses/by/4.0/ ) 
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Nomenclature 

Roman Symbols 

Symbol Description (Units) 

A cross section area ( m 

2 ) 

c p specific heat capacity ( J kg −1 K 

−1 ) 

D diameter of the particle ( m ) 

F force ( N ) 

h heat transfer coefficient ( W m 

−2 K 

−1 ) −→ 

I identity matrix (1) 

L latent heat of evaporation ( J kg −1 ) −→ 

n unit normal vector (1) 

p pressure ( Pa ) 

R radius ( m ) 

S surface area ( m 

2 ) 

T temperature ( K ) 

t weighting factor (between 0 to 1) (-) 

U velocity ( m s −1 ) −→ 

u velocity vector ( m s −1 ) 

V volume ( m 

3 ) 

Greek Symbols 

δ boundary layer thickness ( m ) 

μ viscosity ( Pa s ) 

ρ density ( kg m 

−3 ) 

τ time scale ( s ) 

λ thermal conductivity ( W m 

−1 K 

−1 ) 

Subscripts 

b boiling point (-) 

B boundary layer (-) 

∞ parameters calculated at the far-field condition (-) 

f parameters calculated at the film condition (when 

t = 0 . 5 ) (-) 

l liquid (-) 

s f with Stefan flow conditions (-) 

p parameters calculated at the particle surface (-) 

Dimensionless numbers 

B T Spalding heat transfer number ( B T = 

c p (T b −T ∞ 

) 
L ) 

C D Drag coefficient ( C D = 

F 
0 . 5 ρU 2 A 

) 

Nu Nusselt number ( Nu = 

hd 
λ

) 

Pe Peclet number ( Pe = Re × Pr ) 

Pr Prandtl number ( Pr = 

c p μ
λ

) 

Re Reynolds number ( Re = 

ρUD 
μ ) 

an flow has a strong influence on the mass transfer rate in Zone 

I conversion (kinetically and diffusion controlled) while the effect 

s insignificant in Zone III (diffusion controlled) during burnout pe- 

iod. Still it is not clear from their results when Stefan flow can be

eglected. 

The main objective of the current paper is to study the effect 

f Stefan flow on Nusselt number and drag coefficient for non- 

sothermal conditions ( i.e. when there is a temperature difference 

etween particle and gas field). Even though the model is generic 

nd meant to be applicable for a variety of conditions, it was de- 

eloped and validated with a primary interest on entrained-flow 

iomass gasification. As summarized in the next section, we aim to 

ll a gap in knowledge and models, especially under the presence 

f large temperature differences ( i.e. > 100 K). Hereafter ’tempera- 

ure difference ( �T )’ means the temperature difference between 

he solid particle (sphere) surface and the far-field of the fluid. 

imulations resolving the boundary layer are carried out for a lam- 

nar flow surrounding a static spherical particle. Multi-component 
2 
ffects were avoided for the simplicity of work. The applicability 

f our model for the drag coefficient, developed in our previous 

ork under isothermal conditions ( Jayawickrama et al., 2019 ), is 

ssessed and extended to non-isothermal conditions. In addition, 

 new model describing the effect of Stefan flow on the Nusselt 

umber is developed. 

. Previous studies 

.1. Nusselt number at high temperature difference 

The Nusselt number (Nu = hD/λ) is usually expressed as a 

unction of Reynolds number (Re = ρUD/μ) and Prandtl number 

Pr = c p μ/λ). A Nusselt number formula that is applicable for 

oth high and low temperature difference conditions is hard to 

nd in the literature. Two popular models are the models of 

hitaker (1972) and the model of Ranz-Marshall Ranz and Mar- 

hall (1952) . The former reads as: 

u = 2 + (0 . 4 Re 
1 
2 + 0 . 06 Re 

2 
3 ) Pr 0 . 4 

(
μ∞ 

μp 

) 1 
4 

, (1) 

here thermophysical properties ( i.e. λ, ρ, μ, and c p ) for the cal-

ulation of Nusselt number, Reynolds number, and Prandtl number 

re based on far-field conditions, μ∞ 

is the viscosity at far-field 

ondition and μp is the viscosity at particle surface condition. The 

anz-Marshall model Ranz and Marshall (1952) is given as: 

u = 2 + 0 . 6 Re 
1 
2 Pr 

1 
3 , (2) 

here thermophysical properties at film condition are used to cal- 

ulate Nusselt number, Reynolds number and Prandtl numbers, in- 

tead of those at far-field conditions. Film condition is defined 

s the average between the far-field condition and the surface 

ondition, i.e. T f = (T ∞ 

+ T p ) / 2 where T ∞ 

and T p are the far-field

nd surface temperatures, respectively. At low temperature dif- 

erences and Reynolds numbers ( ≈ 0 < Re < 100 ), the Whitaker 

odel ( Eq. 1 ) typically gives predictions that are closer to the ac- 

ual values ( Nikrityuk and Meyer, 2014 ), while the Ranz-Marshall 

odel ( Eq. (2) ) can be applied for high temperature differences 

 1 < Re < 130 ) ( Ellendt et al., 2018 ). 

There are numerous works on developing models for the Nus- 

elt number associated with droplet evaporation. Evaporation at 

igh temperature differences requires consideration of the varia- 

ion of thermophysical properties, such as thermal conductivity ( λ) 

nd specific heat capacity ( c p ). This effect can be accounted for 

hrough a correction factor for the Nusselt number ( Harpole, 1981 ), 

r by introducing a reference temperature ( Naraslmhan and Gau- 

in, 1967; Downingm, 1966; Yuen and Chen, 1978 ). The reference 

emperature is then calculated as follows: 

 t = tT ∞ 

+ (1 − t) T p , (3) 

here t is weight factor. 

.2. Effect of Stefan flow on Nusselt number 

Different models for the Nusselt number developed for evapora- 

ion of single droplets are summarized by Zhifu et al. (2013) . They 

ave categorized the available models into theoretical, numerical 

nd experimental models. According to their comparisons, all the 

odels are deviating from experimental results when the evapora- 

ion rates are high. Therefore, they have developed a model with 

 correction factor that is applicable for high evaporation rates as 

ell. In this model, the Nusselt number is given as: 

u Zh = f T Nu , (4) 

here 

f T = (1 + B T p ) 
− 2 

3 , (5) 
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u = 2 + 0 . 552 Re 
1 
2 Pr 

1 
3 . (6) 

ere the Spalding heat transfer number ( B T p ) is defined as: 

 T p = 

c p,p (T ∞ 

− T b ) 

L 
, (7) 

here L is latent heat of evaporation and T b is the boiling point 

emperature. The Reynolds number is calculated based on prop- 

rties at the particle surface, while the Prandtl number is calcu- 

ated based on far-field condition. The Nusselt number is calculated 

ased on properties at the particle surface condition. It is noticed 

hat the model of Zhifu et al. (2013) has no explicit dependence 

n the Stefan flow. The effect of Stefan flow is accounted for indi- 

ectly through the evaporation rate, characterized by the Spalding 

eat transfer number. 

Niazmand and Renksizbulut (2003) used the model devel- 

ped for droplet evaporation by Renksizbulut & Yuen ( Nu RY ) 

enksizbulut and Yuen (1983a) for the generalized case of a Ste- 

an flow: 

u RY = 

2 + 0 . 57 Re 1 / 2 Pr 1 / 3 

(1 + B T f ) 
0 . 7 

(8) 

here the Reynolds number is calculated based on particle surface 

onditions, Prandtl number is calculated based on film condition 

nd the Spalding heat transfer number is defined as: 

 T f = 

Pr Re s f 

Nu 

, (9) 

here 

e s f = 

ρU s f D 

μ
, (10) 

s the Reynolds number based on the Stefan flow velocity (here- 

fter, called Stefan Reynolds number). The variation of thermo- 

hysical properties are neglected for Niazmand and Renksizbulut 

iazmand and Renksizbulut (2003) and the selected range of Ste- 

an flows was based on droplet evaporation (0.01 � 

U s f 

U ∞ 

� 0.04). 

urphy & Shaddix Murphy and Shaddix (2003) have formulated a 

usselt number ( Nu M 

) correlation, for Stefan flow in a quiescent 

nvironment. Assuming constant properties, their expression reads 

s: 

u M 

= Nu 

( Pr Re s f ) / Nu 

e ( Pr Re s f ) / Nu − 1 

, (11) 

here Nu = 2 is the Nusselt number in a quiescent flow without 

tefan flow. Recently, Kestel Kestel (2016) developed a new empir- 

cal model applicable for the convective flow environment based 

n his simulation data that gave better accuracy than the other 

vailable models. In this model, which is applicable for Re < 200 , 

e s f < 20 and 0 . 744 < Pr < 1 . 5 , the Nusselt number ( Nu K ) is given

s: 

u K = Nu exp 

(−0 . 54 Pr Re 1 . 126 
s f 

Nu 

1 . 052 

)
, (12) 

here 

u = 2 + 0 . 39 Re 0 . 56 Pr 0 . 45 
. (13) 

n Eq. 12 and 13 , all properties are calculated based on the refer-

nce temperature as defined in Eq. (3) when the weight factor is 

 = 0 . 9 . This model has a large number of fitting parameters and

t does agree better with simulation results. However, it does not 

ecessarily represent the physical phenomena. 

In summary, most of the currently available models for Nusselt 

umber for particles with Stefan flow in a convective environment 

re empirical. One of the very few theoretical models (of Eq. 11 ) 
3 
 Murphy and Shaddix, 2003 ) developed for the Nusselt number of 

articles with Stefan flow is for a quiescent environment and is 

ased on a constant property assumption. Therefore, there are no 

odels for Stefan flow in a convective environment based on phys- 

cal interpretation while considering variation of properties. 

.3. Drag coefficients at high temperature differences. 

The drag coefficient is defined as C D = F / (0 . 5 ρU 

2 A ) , where F 

s the drag force, A is the cross-sectional area of the particle, ρ
s the density of the fluid and U is the velocity difference be- 

ween the particle and the fluid. There are many correlations avail- 

ble to calculate fluid drag on a solid spherical object. However, 

ost of these models have been developed for isothermal or close 

o isothermal conditions. This makes these models fail at high 

emperature differences, since variations of properties have to be 

onsidered in order to accurately calculate the drag. The Schiller- 

aumann model Schiller and Naumann (1935) for the drag coeffi- 

ient, given as: 

 D = 

24 

Re 
(1 + 0 . 15 Re 0 . 687 ) , (14) 

s a widely used drag model. Recently, Ellendt et al. 

llendt et al. (2018) have suggested a correction factor ( φ) 

or the Schiller-Naumann correlation considering non-isothermal 

ffects: 

 D = 

24 

Re 
(1 + 0 . 15 Re 0 . 687 ) φ;

= 0 . 273(1 − 0 . 883 

Re ) 

(
ρ∞ 

ρp 
− 1 

)
+ 1 , 

(15) 

hen 1 < Re < 130 . Here, the Reynolds number is evaluated at the 

urface temperature of the sphere, ρ∞ 

is the density of the fluid 

n the far-field and ρp is the density of the fluid at the particle 

urface. The fluid density entering the expression for the drag co- 

fficient ( C D = F / (0 . 5 ρU 

2 A ) ) is at far-field conditions. 

.4. Effects of Stefan flow on drag coefficients. 

Similar to the Nusselt number, the models developed for the 

ombustion and evaporation of sprays are available for the drag 

oefficient under the influence of a Stefan flow ( Yuen and Chen, 

976; Eisenkalam et al., 1967; Renksizbulut and Yuen, 1983b ). 

ne common approach is the so-called one-third rule proposed 

y Yuen and Chen Yuen and Chen (1976) . The one-third rule 

ses ordinary drag models, for example the one of Schiller- 

aumann Schiller and Naumann (1935) (see Eq. (14) ), for an evap- 

rating droplet, but with the Reynolds number calculated as: 

e = 

ρ∞ 

UD 

μt 
, (16) 

here μt is the dynamic viscosity obtained at the reference tem- 

erature, as given by Eq. (3) , with a weight factor of t = 1 / 3 .

his model is applicable in the range of 1 < Re < 20 0 0 and 0 <

 T < 3 . The same result was confirmed by Renksizbulut and Yuen 

enksizbulut and Yuen (1983b) for an evaporating droplet from 

heir simulations. However, the approach described above does not 

nclude a dependency on the Stefan velocity and is therefore not 

xpected to be suitable unless the Stefan flow velocity is small 

ompared to the velocity of the mean flow. 

Studies of the effect of Stefan flow on the drag coefficient for 

eneralized cases have always assumed isothermal conditions as 

er the authors knowledge. Most recent works are done by Jayaw- 

ckrama et al. Jayawickrama et al. (2019) , Kestel Kestel (2016) and 

iller & Bellan Miller and Bellan (1999) . The latter two have devel- 

ped empirical models for the drag coefficient of a spherical object 
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Fig. 1. Computational domain for the simulations. �i , i = 1 to 5 representing the coarsest mesh to finest mesh. D −x,i is the distance from the centre of the sphere to negative 

x-direction and D + x,i is the distance from the centre of the sphere to positive x-direction in level i (See the Table 2 ). 
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ith a Stefan flow. Kestel’s model is applicable for a wider range 

f Stefan flows ( 0 < Re sf � 20 and Re � 200 ). Both models have

everal fitting parameters. Jayawickrama et al. (2019) developed a 

odel based on a physical interpretation of the drag that required 

nly one fitting parameter. This model was validated against nu- 

erical simulations in the range of −1 � Re sf � 3 (a negative Re sf 

eans inward Stefan flow) and Re < 14 . All three models are ap- 

licable for isothermal conditions only. Therefore, it is important 

o study the effect of a Stefan flow on the drag coefficient includ- 

ng thermal effects as well. 

. Methodology 

In the current work, numerical simulations are carried out for 

 flow around a static, spherical particle with constant size using 

penFOAM. The simulation domain and boundaries are shown in 

ig. 1 . The incoming gas flow to the simulation domain is uni- 

orm and its temperature is kept at 1400 K . A uniform Stefan flow 

s given as a boundary condition at the particle surface. Different 

ases are simulated by varying sphere surface temperature, diam- 

ter and incoming flow velocity, resulting in a variety of Reynolds 

umbers. Variation of properties with temperature is considered 

See Appendix A for more details.). The Reynolds number is within 

he limit of steady, axi-symmetric flow ( Re < 210 ) ( Johnson and 

atel, 2017 ) and the Mach number of the flow is well below 0.1. 

herefore, the flow is essentially in-compressible. The intra-particle 

eat transfer is not considered and the particle temperature is kept 

niform both in space and time. Radiative heat transfer is also ne- 

lected. The fluid is governed by the steady, incompressible, lami- 

ar flow equations, where mass conservation yields the continuity 

quation as: 

 · (ρ−→ 

u ) = 0 , (17) 
4 
hile momentum conservation gives: 

ρ
−→ 

u · ∇ ) 
−→ 

u = −∇ p + ∇ · μ[ ∇ 

−→ 

u + ∇ 

−→ 

u 

T − 2 

3 

(∇ · −→ 

u ) 
−→ 

I ] . (18) 

Finally, from energy conservation we get: 

 · (ρc p 
−→ 

u T ) = −∇ · λ∇T . (19) 

Eqs. 17, 18 and 19 were discretized using second-order schemes 

ith the finite volume method. 

.1. Boundary conditions. 

The temperature of the inlet boundary is kept at 1400 K. The 

xit of the domain is considered as an outflow boundary, where 

he gradients of the velocity and temperature are set to zero. The 

oundaries at the side of the domain are treated as slip walls. In 

he slip wall boundary condition, the velocity component normal 

o the wall is zero. In addition, the gradients of temperature and 

he other velocity components in the normal direction to the wall 

re also set to be zero. Along the axis of symmetry, a symmetric 

oundary condition is applied. In the Symmetric boundary condi- 

ion, the velocity component normal to the symmetry plane and 

he gradients of all the other properties normal to the plane are 

et to zero. Only a quarter of the domain is simulated as the flow 

s axisymmetric. 

A Cartesian mesh is used for the simulation. The immersed 

oundary method (IBM) was applied for the implementation of 

he solid boundary. In this work, the discrete forcing approach 

 Mittal and Iaccarino, 2005 ), which directly applies the presence 

f a solid body through boundary conditions ( Jasak et al., 2014 ), 

s used. The value of any parameter of a cell that crosses the im- 

ersed boundary is calculated by interpolating values between the 

mmersed boundary and neighboring cells ( Fadlun et al., 20 0 0 ). 

he Stefan velocity is considered as a uniform velocity normal 
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Table 1 

Conditions maintained for far-field velocity, particle diameter and particle 

temperature. Far-field temperature was kept at T ∞ = 1400 K. 

Condition Inlet velocity ( m / s ) Diameter ( mm ) T p ( K ) Re f 

1 0.5 1.0 400 4.88 

1200 2.66 

1600 2.10 

2 3.0 0.5 400 14.64 

1200 7.98 

1600 6.31 

3 3.0 1.0 400 29.29 

1200 15.98 

1600 13.74 
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Table 2 

Distance from the centre of the particle in 

diameters ( D ) in the computational domain 

(See Fig. 1 ). 

(a) Mesh I 

i D −x,i D + x,i D y,i , D z,i �i /D 

1 16 48 16 0.32 

2 3 6 3 0.16 

3 2 5 2 0.08 

4 1.5 3 1.5 0.04 

5 1.2 2 1.2 0.02 

(b) Mesh II 

i D −x,i D + x,i D y,i , D z,i Delta i /D 

1 16 48 16 0.32 

2 6.5 12 6.5 0.16 

3 5.5 10 5.5 0.08 

4 4.5 6 4.5 0.04 

5 3.5 4 3.5 0.02 

(c) Mesh III 

i D −x,i D + x,i D y,i , D z,i �i /D 

1 16 48 16 0.16 

2 3 6 3 0.08 

3 2 5 2 0.04 

4 1.5 3 1.5 0.02 

5 1.2 2 1.2 0.01 
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s
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w

v

−→

a

−→
o the immersed boundary (Dirichlet boundary condition). For an 

utwardly directed Stefan flow, the temperature of the outflow is 

qual to the surface temperature of the particle. 

The pressure gradient is set to zero at the solid boundary (Neu- 

ann boundary conditions). Treatment of Neumann and Dirich- 

et boundary conditions in the immersed boundary method is ex- 

lained in Jayawickrama et al. (2019) . 

.2. Simulation conditions and procedure 

For all the simulations in this work, the fluid (including the 

uid of the Stefan flow) was assumed to be pure nitrogen. The in- 

et velocity, diameter of the particle and temperature range of the 

uid and the sphere were selected based on pulverized combustion 

nd gasification applications at atmospheric pressure. The velocity 

t the inlet varied between 0.5-3 m s −1 and the diameter of the 

article is between 0.5-1.0 mm. The range of Stefan flow veloci- 

ies was selected based on results from Kreitzberg et al. (2016) and 

meki et al. (2012) for devolatilization and char conversion of 

iomass. The choice of bulk fluid temperature (1400 K) is based on 

he range of typical bulk fluid temperatures observed in pilot scale 

xperiments of entrained-flow gasification ( Sepman et al., 2017 ). 

uel particles in entrained flow gasifiers are usually colder than 

he surrounding gas because of predominantly endothermic reac- 

ions and the lack of an oxygen rich atmosphere, except for the 

ear burner zone. The particle temperature can, however, exceed 

he gas temperature by ca. 200 K in pulverized combustion, where 

xygen is available for char combustion reactions ( Li et al., 2018 ). 

herefore, we selected three different fuel particle temperatures 

 T p = 40 0, 120 0, and 160 0 K), each representing drying, char gasi-

cation, and char oxidation stages, respectively. The particle tem- 

eratures and far-field conditions studied in this work are shown 

n Table 1 . 

We used the OpenFOAM environment foam-extend -4.0 

 Weller et al., 1998 ) for the simulations. The immersed boundary 

olver for incompressible, steady-state conditions was modified to 

ccount for non-isothermal, variable density and variable property 

onditions. The solver uses quadratic interpolation ( Jasak et al., 

014 ) for the reconstruction of the solid phase boundary condi- 

ions into the closest fluid cells. 

The preliminary domain size and mesh resolution was se- 

ected based on previous studies ( Jayawickrama et al., 2019; Con- 

tant et al., 2017; Richter and Nikrityuk, 2012 ) for isothermal flow 

round a sphere. The inlet conditions and Stefan flow velocities 

re similar to the ones used for the isothermal simulations in 

ur previous work ( Jayawickrama et al., 2019 ). Therefore, the do- 

ain size is unchanged for the current non-isothermal simulations 

 64 D × 32 D × 32 D ). There are, however, two main differences in

he non-isothermal cases compared to the isothermal cases. 

The first difference is that a reduction (increase) of particle 

emperature increases (decreases) the Reynolds number (Re), re- 

ulting in a thinner (thicker) boundary layer for non-isothermal 
5 
onditions. Mesh refinement tests therefore had to be carried out. 

he tests were carried out with the highest Reynolds number con- 

itions (condition 3 of Table 1 with particle temperature 400K) and 

ith the smallest possible boundary layer thickness (inward Stefan 

ow condition). Two mesh refinement levels were tested, as shown 

n Table 2 (Mesh I and Mesh III). 

The other difference between the isothermal and non- 

sothermal cases is due to the difference between the thermal 

 δth ) and the viscous boundary layer thickness ( δv is ). As the Prandtl 

umber ( Pr ) is less than 1, the thermal boundary layer thickness is 

arger than the viscous boundary layer thickness ( δth > δv is ). There- 

ore, the size of the mesh refinement regions have to be examined. 

his was carried out for the lowest Reynolds number condition 

condition 1 of Table 1 with particle temperature 1600K) with the 

argest possible boundary layer thickness (highest outward Stefan 

ow). Two refinement region sizes were tested, which is shown in 

able 2 (Mesh I and Mesh II). Difference between Mesh I, II and 

II were very small in C D and Nu and the velocity and temperature 

elds around the boundary layer were also identical when com- 

aring all the meshes. Therefore, Mesh III was used for the simu- 

ations. 

Table 3 shows the selection of mesh refinement levels and size 

f refinement regions used for the simulations in this paper. The 

nal mesh for all the conditions was Mesh III with the highest re- 

nement 0.01 D . 

.3. Estimation of drag coefficient and Nusselt number 

The drag coefficient is a dimensionless quantity used to repre- 

ent forces acting on the surface of a body immersed in a fluid. For 

 spherical body with radius R, it can be calculated as: 

 D, f = 

−→ 

F P,x + 

−→ 

F v isc,x 

1 
2 
ρ f U 

2 ∞ 

(πR 

2 ) 
, (20) 

here ρ f is the fluid density of film condition. The pressure and 

iscous forces are given as 

 

F p = 

∮ 
S 

p p 
−→ 

n ds, (21) 

nd 

 

F v isc = −
∮ 

μp (∇ 

−→ 

u + ∇ 

−→ 

u 

T ) 
−→ 

n ds, (22) 

S 
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Table 3 

Mesh refinement results and refinement domain size results as explained in section 3.2 . The drag 

( C D ) and Nusselt number ( Nu ) calculated at far-field conditions and Stefan Reynolds number ( Re s f ) 

calculated at particle surface condition. 

Re sf Mesh C D Error (% of mesh III or II) Nu ∞ Error (% of mesh III or II) 

-7.98 mesh I 3.01 10.12 5.40 0.15 

mesh III 3.36 - 5.39 - 

2.36 mesh I 10.52 0.25 2.16 2.44 

mesh II 10.55 2.11 - 

mesh III 10.94 2.16 - 

Fig. 2. Drag coefficient ( C D ) at film condition for the case where there is no Stefan 

flow. Lines: Correlations of Ellendt et al. Ellendt et al. (2018) at different particle 

temperatures (400 K,1200 K,1600 K), symbols: results from our numerical simula- 

tions. Green: isothermal. Cyan: T p = 400 K. Red: T p = 1200 K. Blue: T p = 1600 K. 
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espectively. Here, the integration is over the surface S of the par- 

icle. In the above, p p is the extrapolated pressure at the parti- 

le surface. Only the components 
−→ 

F p and 

−→ 

F v isc in the direction of 

he mean flow are accounted for when calculating the drag coeffi- 

ient, since the other components are canceled due to symmetry. 

he Nusselt number is calculated based on the overall difference 

n enthalpy flux at the boundaries of the simulation domain. Here, 

he far-field based Nusselt number is calculated as follows: 

u ∞ 

= 

(ρ
−→ 

u c p T S) in + 

−→ 

u s f (ρc p T S) sph − ( 
∫ 
(ρ

−→ 

u c p T ) 
−→ 

n dS) out 

S sph (T p − T ∞ 

) 
× 2 R 

λ∞ 

, 

(23) 

here subscripts in, out and sph refers to the conditions at the in- 

et boundary, the outlet boundary and the particle surface, respec- 

ively, and S is the surface area of the relevant boundary. 

.4. Validation 

In order to validate the code, simulations were carried out to 

xamine if the code reproduces known results both for the drag 

oefficient and the Nusselt number. 

For the validation of the code with respect to the drag coef- 

cient, non-isothermal simulations without Stefan flow were car- 

ied out. The drag coefficients obtained from the simulations based 

n Eq. 20 were compared with the model suggested by Ellendt 

t al. Ellendt et al. (2018) (see Eq. 15 ). As shown in Fig. 2 , the nu-

erical results show good agreement with the model of Ellendt 

t al. Please note that, when determining the model predictions, 

he Reynolds number is based on film conditions. 

We are interested in the Nusselt number at strongly non- 

sothermal conditions, i.e., where the temperature difference be- 

ween the particle surface and the far-field is high ( > 100 K). In
6 
rder to validate the code with respect to the Nusselt number, 

imulations were carried out with a strong temperature differ- 

nce, but without Stefan flow. The results were compared with 

he Ranz-Marshall model ( Eq. 2 ), which is applicable for strongly 

on-isothermal conditions (see section 2.1 ). Table 4 shows a good 

greement between the numerical results and the model data. 

. Results and Discussion 

.1. The effect of Stefan flow on the drag coefficient under 

on-isothermal conditions 

By comparing the simulation results obtained at isothermal and 

on-isothermal conditions, it is possible to isolate the physical 

ffects of the Stefan flow ( e.g. due to the change in boundary 

ayer thickness) from thermal effects ( e.g. variation of thermophys- 

cal properties due to the change in temperature). Figure 3 shows 

he normalized drag coefficient ( C D,s f /C D, 0 ) against normalized Ste- 

an flow velocity ( U s f /U ∞ 

) for both isothermal and non-isothermal 

onditions (condition 3 of Table 1 ). 

The drag coefficient is normalized by the corresponding drag as 

btained without a Stefan flow ( C D, 0 ). Here, C D, 0 and C D,s f are calcu-

ated based on film condition (See Eq. 20 ). As can be seen from the

gure, the temperature difference has a significant effect on the 

lope of the curve, especially for high temperature differences. The 

rag reduction by the Stefan flow is more significant when the par- 

icle temperature is lower than the surrounding gas ( T p < T ∞ 

) and

ice versa. The same behavior can be observed (not shown here) 

or conditions 1 and 2 (see Table 1 ) as well. It means that apart

rom the physical effects of the Stefan flow, the thermal effect has 

o be considered to describe the change of C D for non-isothermal 

onditions. 
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Table 4 

Comparison of Nusselt numbers ( Nu ) and the drag coefficient ( C D ) without Stefan flow 

from simulations and the Ranz-Marshall model ( Eq. 2 )), respectively the model of El- 

lendt et al. ( Eq. 15 ). Far-field temperature ( T ∞ ) is 1400 K for all the cases. Conditions 

1-3 are listed in Table 1 , while conditions 4-5 are presented in the following: condition 

4: D = 1 . 0 mm and U ∞ = 5 . 94 m s −1 , Condition 5: D = 1 . 0 mm and U ∞ = 11 . 88 m s −1 

Condition T p Re f Nu Error C D, f Error 

K - Sim Model % Sim Model % 

1 400 4.88 3.16 3.32 4.8 5.90 6.48 8.95 

1200 2.66 2.84 2.89 1.7 11.39 11.53 1.22 

1600 2.10 2.74 2.78 1.4 13.67 14.38 4.98 

2 400 14.65 4.04 4.28 5.6 2.76 2.67 1.34 

1200 7.99 3.57 3.55 0.6 5.01 4.76 2.15 

1600 6.31 3.41 3.35 1.8 5.90 5.95 0.30 

3 400 29.29 5.16 5.23 1.3 1.74 1.68 0.92 

1200 15.98 4.34 4.20 3.3 3.09 2.92 1.55 

1600 12.63 4.06 3.91 3.8 3.60 3.64 0.24 

4 1600 25.0 4.95 4.69 5.5 

5 1600 50.0 6.22 5.80 7.2 
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Fig. 4. (a) Normalized velocity in the mean flow direction ( U x /U ∞ ); (b) Normal- 

ized temperature ( T /T ∞ ). Both figures are drawn as functions of the normalized 

distance from the centre of the sphere ( y/R ) along the y -axis ( θ = 90 ◦). Simulation 

conditions: U ∞ = 3.0 m s −1 , T ∞ = 1400 K, and D = 1.0 mm. Solid lines: isothermal and 

Dashed lines: non-isothermal results ( T p = 400 K). 
The thermal effects of the Stefan flow can be studied by inves- 

igating Fig. 4 , which shows the variation of the velocity and tem- 

erature fields in the boundary layer. Without the Stefan flow (blue 

ines), the velocity gradient of the non-isothermal case ( T p < T ∞ 

) 

s slightly larger than that of the isothermal case. Nevertheless, 

e can see from Fig. 2 that the drag coefficient for T p < T ∞ 

(non-

sothermal case) is lower than for the isothermal case. This is be- 

ause the contribution from the change in thermophysical param- 

ters is more significant than the change in boundary layer thick- 

ess ( Eq. 20 ). To be more specific: one would expect the drag co-

fficient to increase when the boundary layer gets thinner (higher 

elocity gradients), but this effect is more than compensated by 

he decrease in viscosity due to the lower temperature. In essence, 

he local Reynolds number is increased when the particle temper- 

ture becomes lower than the far-field temperature, and it is clear 

rom Fig. 2 that the drag coefficient decrease with increasing Re f . 

In contrast, the same non-isothermal case shows a more pro- 

ounced expansion of the velocity boundary layer with an out- 

ard Stefan flow (red lines) than does the isothermal case. This 

ronounced change in the velocity is due to the expansion of the 

as from the Stefan flow as it is heated. Since it is the velocity of

he Stefan flow that is kept constant between different cases, the 

otal mass flux due to the Stefan flow is much higher for the non-

sothermal case (since the fluid density is more than three times 

igher at 400 K than at 1400 K). This means that as the initially

old gas emitted from the particle at 400 K is heated up, it acceler-

tes and pushes the boundary layer outwards. In fact, the normal- 

zed temperature plot in Fig. 4 b shows the decrease in gas tem- 

erature near the particle surface with outward Stefan flow. As for 

he inward Stefan flow, both velocity and thermal boundary lay- 

rs showed exactly opposite trends from the outward Stefan flow, 

.e. steeper velocity gradient and thinner thermal boundary layer. 

hese observations imply the importance to consider the change 

n thermophysical parameters when modelling the drag coefficient 

nder non-isothermal conditions. Therefore, the model developed 

n our previous paper ( Jayawickrama et al., 2019 ), which was based 

n isothermal simulations, needs to be extended to consider the 

ffect of the variation of thermo-physical properties. 

Our previous study under isothermal conditions 

 Jayawickrama et al., 2019 ) showed that the drag coefficient 

hanges due to a Stefan flow. This change is primarily caused by a 

odification of the viscous forces due to the change in boundary 

ayer thickness. Following the idea in Jayawickrama et al. (2019) , 

he current study uses a simple model for the effect of a Stefan 

ow on the drag coefficient. It is related to the change in the 

olume of the boundary layer due to the Stefan flow, and is 
7 
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roposed as: 

 D,s f = C D, 0 × C D,r , (24) 

hen C D, 0 is the drag coefficient under non-isothermal conditions 

ithout a Stefan flow (see e.g. Eq. (15) ), and C D,r is a correction

erm that accounts for the effects of a Stefan flow, in addition to 

ny thermal effects of this Stefan flow. This correction term takes 

nto account two effects: one is due to the temperature difference 

etween the particle surface and the far-field while the other is 

ue to the variation of the temperature field due to the Stefan flow. 

oth effects can be accounted for by using a modified temperature 

 ̃

 T ) based on the volumetric contribution of the Stefan flow ( V s f )

nd its temperature ( T s f = T p ), and the volume of the boundary

ayer without Stefan flow ( V B ) and its temperature ( T f = 

T ∞ 

+ T p 
2 ); 

˜ 
 = 

V B T f + V s f T p 

V B + V s f 

, (25) 

here 

 s f = 4 πR 

2 U s f τ (26) 

s the added volume due to the Stefan flow,with the flow time- 

cale given as: 

= 

2(R + δ) 

U ∞ 

. (27) 

urthermore, the volume of the boundary layer is given as: 

 B = 

4 

3 

π(R + δ) 3 − 4 

3 

πR 

3 , (28) 

hen 

= 

2 AR √ 

Re f 
, (29) 

s the classical boundary layer thickness, where 

e f = 

ρ f U ∞ 

d 

μ f 

(30) 

nd A is a model constant. By substituting V s f and V B in Eq. 25 with

he corresponding expressions found in Eq. 26 and 28 we obtain: 

˜ 
 = 

T f + 

U s f 

U ∞ 
f ( Re f ) T s f 

1 + 

U s f 

U ∞ 
f ( Re f ) 

, (31) 

here 

f ( Re f ) = 3(1 + 

2 A √ 

Re f 
) 

1 

( 3 A √ 

Re f 
+ 6( A √ 

Re f 
) 2 + 4( A √ 

Re f 
) 3 ) 

. (32) 

ow, ˜ T will be used to calculate the drag coefficient without Stefan 

ow ( ̃  C D, 0 ) such that the non-isothermal model for C D,s f becomes: 

 D,s f = 

˜ C D, 0 × C D,r , (33) 

here ˜ C D is calculated from the modified Schiller-Naumann equa- 

ion ( Eq. 15 ) for non-isothermal conditions: 

˜ 
 D, 0 = 

24 

˜ Re 
(1 + 0 . 15 

˜ Re 
0 . 687 

) φ; φ = 0 . 273(1 − 0 . 883 

˜ Re )( 
ρ∞ 

ρp 
− 1

(34) 

here ˜ Re is the Reynolds number calculated with properties at ˜ T . 

 D,r is calculated based on the model developed from isothermal 

imulations ( Jayawickrama et al., 2019 ) where: 

 D,r = 

V B 

V s f + V B 

= 

1 

1 + 

U s f 

U 
f ( Re f ) 

. (35) 
∞ 

8 
1 , 

n the above, the tilde over C D is used to highlight that it is based

n properties calculated at ˜ T . The constant A is calculated using 

on-linear least-squares regression to minimize the error between 

he model and the simulation results ( nlinfit in MATLAB). The final 

alue of A is 2.93. 

Fig. 5 , which shows the drag coefficient as a function of the Ste- 

an flow Reynolds number, compares the above model with simu- 

ation results. The model is an extension of the previous isothermal 

odel presented in Jayawickrama et al. (2019) . This new model 

aptures the effects of non-isothermal, uniform bulk flow and uni- 

orm Stefan flow. Model data and simulation results are matching 

ell and it has only one fitting parameter ( A ). The model has a

ood qualitative performance for both negative and positive Ste- 

an flow conditions, and it is based on a physical interpretation of 

hermal effects due to property variations and the Stefan flow, and 

hysical effects due to pressure, viscosity and Stefan flow. 

The (relative) root-mean-square error ( Eq. 36 ) with all the data 

n Fig. 5 was 9.6 % . The error was relatively high for T p = 400

 ( Fig. 5 a), with the maximum value reaching 28 % . When only

onsidering the data from the temperature difference of 200 K 

 Fig. 5 b-c), the maximum relative error of the model was 6 % 

nd the root-mean-square error was 4.6 % . Root-mean-square error 

 RMSE C d ) is calculated as follows: 

MSE C d = 100 ×

√ 

[
( 
C d,model −C d,simulations 

C d,simulations 
) 2 ] 

n 

, (36) 

here C d ,mod el is the value predicted by the model Eq. 33 - (35) and

 d,simulations is the value calculated from the simulations and n is 

he number of simulations considered. 

The models are tested and validated for the particle Reynolds 

umber range of 2 � Re f � 30 , Stefan Reynolds number range 

f −8 � Re s f,p � 25 , and temperature range of 400 K � T p � 1600 K

ith uniform Stefan flow. The developed model should be appli- 

able for the valid temperature ranges of the modified Schiller- 

aumann model ( Eq. 34 ). However, one should be careful when 

xtrapolating the applicability beyond the range of validation con- 

itions. For example, the model might not be valid at higher par- 

icle Reynolds number due to flow separation or the change in 

he relative magnitude between the pressure force and the viscous 

orce. 

.2. Nusselt number with Stefan flow 

Murphy & Shaddix Murphy and Shaddix (2003) has developed 

 theoretical model that accounts for the effect of a Stefan flow 

hen calculating the Nusselt number of a sphere immersed in a 

uiescent fluid (See Eq. 11 ). In their model, the Nusselt number is 

alculated as Nu M 

= Nu 0 f corr , where Nu 0 = 2 is the Nusselt num- 

er of a spherical particle with no Stefan flow in a quiescent fluid 

nd f corr is a correction term that accounts for the effect of the 

tefan flow. One way to apply this model directly for the cases 

ith convective flows is to replace the Nusselt number, Nu 0 , with 

he one with a convective flow, as given by e.g. the Ranz-Marshall 

odel. However, the prediction with this approach does not de- 

cribe the simulation results. The same observation was discussed 

y Kestel Kestel (2016) , who proceeded to develop an empirical 

odel with several fitting parameters Eqs. 12 - (13) . 

As discussed in the previous section, the temperature in the 

oundary layer changes due to the Stefan flow, especially when the 

emperature differences are significant. This change should be re- 

ected in the characteristic temperature when calculating the Nus- 

elt number. In this work, we apply a multiplication law to de- 

cribe the effect of a Stefan flow (by Eq. 11 ) and the effect of a

onvective flow ( Eq. 2 ), but considering the change in character- 

stic temperature. This approach in practice calculates the Nusselt 
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Fig. 5. Comparison of the drag coefficient from the model, i.e. Eqs. 31 - 35 , (lines) and the simulations based on ˜ T (symbols). Particle temperature ( T p ) is (a) 400 K (b) 1200 

K or (c) 1600 K. Condition 1: U ∞ = 0.5 m s −1 and D = 1.0 mm. Condition 2: U ∞ = 3.0 m s −1 and D = 0.5 mm. Condition 3: U ∞ = 3.0 m s −1 and D = 1.0 mm. 
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umber based on the thermophysical properties using the volume 

veraged temperature derived earlier ( Eq. 31 ). The model for the 

usselt number needs to be applicable for convective flows around 

 sphere with high temperature differences. Here, we have used a 

anz-Marshall type model by parameter fitting the original Ranz- 

arshall model with simulation data without Stefan flow, to ob- 

ain: 

˜ u = 2 + 0 . 570 

˜ Re 
0 . 537 ˜ Pr 

1 / 3 
, (37) 

here Re and Pr were calculated based on the volume averaged 

emperature, ˜ T , as given in Eq. 31 . Now we can replace the Nus-

elt number without Stefan flow ( Nu ) in Murphy & Shaddix model 

 Eq. 11 ) with the model presented in Eq. 37 , such that the final

odel for Nu, accounting for non-isothermal effects and Stefan 

ow reads as: 

u s f, f = 

˜ Nu 

q 

e q − 1 

, (38) 

here q = 

Pr f Re s f,p 

˜ Nu 

and Nu s f, f calculated based on film condition 

or the thermal conductivity ( λ f ). The Stefan flow Reynolds num- 

er ( Re s f ) is calculated based on particle surface condition while 

he Prandtl number ( Pr ) is calculated based on film condition. 

It is clear that the volume averaged temperature must lie be- 

ween the particle temperature ( T p ) and the far-field temperature 
9 
 T ∞ 

). From the definition of the volume averaged temperature, as 

iven by Eq. 25 (respectively Eq. 31 ), it can be shown that this is

ot the case when V s f /V B < −0 . 5 . (This corresponds to a situation

here there is a very strong inward Stefan flow.) This means that 

he expression given by Eq. 25 can not be used to define the vol- 

me averaged temperature for such a condition. Therefore, the vol- 

me averaged temperature is assumed to be equal to the far-field 

emperature when V s f /V B < −0 . 5 . This means that, 

˜ 
 = 

{ 

T f + 
U s f 
U ∞ f ( Re f ) T s f 

1+ U s f 
U ∞ f ( Re f ) 

( Eq . 31 ) for V s f /V B � −0 . 5 , (39)

T ∞ 

for V s f /V B < −0 . 5 , (40)

here f (Re f ) is calculated from Eq. 32 and A = 0 . 4 . 

To validate the model, the Nusselt number was calculated from 

he simulation with the conditions 1, 2, and 3 (see Table 1 ) includ-

ng one negative Stefan flow case with V s f /V B < −0 . 5 . Fig. 6 depicts

he comparison between simulation results (symbols) and the pre- 

ictions obtained with the model presented in Eq. (38) (lines). 

The (relative) root-mean-square error ( Eq. 36 after replacing the 

erm C d with Nu) with all the data in Fig. 6 was 12.6 % . The er-

or was relatively high for T p = 400 K ( Fig. 6 a), with the maximum

alue reaching 73 % . When only considering the data from the tem- 



T.R. Jayawickrama, N.E.L. Haugen, M.U. Babler et al. International Journal of Multiphase Flow 140 (2021) 103650 

Fig. 6. The Nusselt number comparison between the model ( Eq. 38 -lines) and simulation (symbols) data with Stefan flow. Particle temperature ( T p ) is (a) 400 K (b) 1200 K 

or (c) 1600 K. Condition 1: U ∞ = 0.5 m s −1 and D = 1.0 mm. Condition 2: U ∞ = 3.0 m s −1 and D = 0.5 mm. Condition 3: U ∞ = 3.0 m s −1 and D = 1.0 mm. 
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erature difference of 200 K ( Fig. 6 b-c), the maximum relative er- 

or of the model was 9 % and the root-mean-square error was 3.8 % .

The model is developed for calculating the Nusselt number for 

 spherical particle with uniform Stefan flow, immersed in a uni- 

orm convective flow. It was validated for the Reynolds number 

 Re f ) 2 � Re f � 30 , Stefan Reynolds number ( Re s f,p ) −8 � Re s f,p �
5 and temperature range 400 K-1600 K for nitrogen gas atmo- 

phere. The parameters for the Nusselt number without Stefan flow 

 Eq. 37 ) were estimated by fitting the simulation data presented in 

his study. Different sets of parameters might be applicable for dif- 

erent Reynolds number and temperature ranges. 

The model for the drag coefficient and the Nusselt number were 

oth developed by assuming that the change in temperature in- 

ide the boundary-layer occurs due to variations in Stefan flow 

elocity, Stefan flow temperature and far-field temperature alone. 

his would not be the case when there are other phenomena that 

ffect the boundary-layer temperature, such as e.g., homogeneous 

eactions. The model is based on the assumption that the pres- 
10 
ure force and the viscous force are of the same order of magni- 

ude and that only the viscous force is affected by the Stefan flow 

see Jayawickrama et al. (2019) ). This might not be true for higher 

eynolds numbers. 

. Conclusions 

The effect of a Stefan flow on the drag coefficient and Nusselt 

umber was studied for a uniform flow around a spherical particle. 

he effect was investigated at non-isothermal conditions using re- 

olved numerical simulations. Particle diameter, slip velocity, parti- 

le temperature, and Stefan flow velocity from/to the particle have 

een varied during the simulations. The range of Stefan Reynolds 

umber of −8 � Re s f,p � 25 , Reynolds number of 2 � Re f � 30 and

article temperatures ( T p ) of 400 K, 1200 K and 1600 K were con-

idered in the simulations. The far-field temperature ( T ∞ 

) was kept 

onstant at 1400 K. 
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Table A.5 

Coefficients for calculation of heat capacity ( c p ) of gas. 

Coefficient T < 10 0 0 K T > 10 0 0 K 

a 0 3.29868 2.92664 

a 1 0.00140824 0.00148798 

a 2 -3.96322 ×10 −6 -5.68476 ×10 −7 

a 3 5.64152 ×10 −9 1.0097 ×10 −10 

a 4 -2.44486 ×10 −12 -6.75335 ×10 −15 

a 5 -1020 -922.798 

a 6 3.95037 5.98053 

w  

T

(

(

μ  

w  

s

ρ

w

p

d

λ

w

R

A

C  

D

E

E

F

H

J  

J

J  

K

K  

L  

M

M

M  
The sensitivity of the drag coefficients on the Stefan flow was 

ignificantly different between isothermal and non-isothermal con- 

itions. The effect of variation in thermophysical properties, espe- 

ially at high temperature differences (between particle and far- 

eld), is emphasized. This difference makes isothermal models less 

ccurate for estimation of the drag coefficient. 

Our previous model, developed for the drag coefficient with 

tefan flow at isothermal conditions, therefore was modified for 

on-isothermal conditions. The refined model (presented in Eq. 33 ) 

ntroduced the volume averaged film temperature ( ̃  T ) to describe 

he change of thermophysical parameters in the boundary layer 

y a Stefan flow under non-isothermal conditions. The model is 

ased on the physical interpretations and shows a good agreement 

ith the simulation data. It kept the number of fitting parameter 

o one, which represents the relationship between the boundary 

ayer thickness and the particle Reynolds number. 

Similarly, a new model (see Eq. (38) ) that describes the effect 

f a Stefan flow on the Nusselt number was developed by using 

he volume averaged temperature ( ̃  T ) in combination with models 

hat describe convective flow effects and Stefan flow effects on the 

usselt number. The model agrees well with the simulation data 

ith a single fitting parameter, which represents the relationship 

etween boundary layer thickness and particle Reynolds number. 
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ppendix A. Gas properties 

Variation of thermal and physical properties of nitrogen ( N 2 ) 

ith temperature were calculated as follows. Specific heat capac- 

ty( c p ) is calculated by NASA polynomials: 

 p = R c p (a 0 + a 1 T + a 2 T 
2 + a 3 T 

3 + a 4 T 
4 + a 5 /T + a 6 /T 2 ) , (A.1)
11 
here a 0 , a 1 , a 2 , a 3 , a 4 , a 5 , a 6 are one set of constants for

 > 10 0 0 K and another set of constants for T < 10 0 0 K. R c p 
 = 296.8048) is a constant ( Table A.5 ). 

Dynamic viscosity( μ) is calculated from Sutherland formula 

 Sutherland, 1893 ): 

= 1 . 67212 × 10 

−6 
√ 

T / (1 + 170 . 672 /T ) , (A.2)

here μ is in Pa.s and T is in K. Density ( ρ) is calculated from

tate equation with constant pressure; 

= pM/RT , (A.3) 

here M is the molecular weight (28.01 g/mol), p atmospheric 

ressure (101325 Pa) is and R is the gas constant. Thermal con- 

uctivity ( λ) is calculated from following model: 

= 4 . 8 × 10 

−4 T 0 . 717 , (A.4) 

here λ is in W/(K.m) and T is in K. 
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