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Studies have shown that both char particle diameter and apparent density vary during char conversion at
high temperatures. To account for such variations, power-law expressions have been used to correlate rp/
rp,0 and qp/qp,0 with mp/mp,0. The parameters in these relations are constants, thus this approach fails to
account for variations in the functional relationship between mass, size, and apparent density as mass
conversion proceeds. To overcome this limitation, a model for the mode of particle conversion has been
developed that permits the variation in size and apparent density with mass loss to depend upon the
Thiele modulus, which varies during char conversion. The rate with which the particle radius decreases
is shown to be given by the ratio of the time derivative and the spatial derivative of the particle density at
the surface of the particle. The model presented can be used to describe the mode of conversion of reac-
tive porous particles in a range of different applications such as entrained flow gasifiers, pulverized coal
burners and circulating fluidized bed combustors. There are no free tunable parameters in the model.

� 2013 The Combustion Institute. Published by Elsevier Inc. All rights reserved.
1. Introduction and
In environments typical of pulverized coal-fired boilers and fur-
naces, char particles burn with variations in both size and apparent
density. In order to reflect this phenomenon in char conversion
models, power law relations have been used to correlate particle
size and apparent density with char conversion [1,2]. In the ap-
proaches taken, the parameters in the relations are constants, thus
the manner in which apparent density and diameter vary with
mass loss during the initial stages of conversion is the same as that
during the later stages. As particle mass is consumed due to the
chemical reactions, pore diffusional resistances lessen as closed-
off pores open and pores merge and coalesce, while the particle
radius and the ambient conditions may also change. Thus, the
functional relationships between extent of mass loss and particle
size and apparent density are expected to change as mass conver-
sion progresses.

In previous approaches to model the mode of conversion, the
particle mass, diameter, and apparent density are assumed to be
related via the following two relations (see for example Refs.
[1–5]):

qp

qp;0
¼ mp

mp;0

� �a

; ð1Þ
rp

rp;0
¼ mp

mp;0

� �b

: ð2Þ

In our proposed approach these expressions are rewritten in a
piecewise form as:

qpðt þ dtÞ
qpðtÞ

¼ mpðt þ dtÞ
mpðtÞ

� �a

; ð3Þ

and

rpðt þ dtÞ
rpðtÞ

¼ mpðt þ dtÞ
mpðtÞ

� �b

; ð4Þ

where qp, rp and mp are the apparent density, radius and mass of the
particle, respectively, t is the time and dt is a short time interval in
which the power law assumption holds for values of a and b effec-
tive over the time interval. Furthermore, by assuming spherical par-
ticles, at any given time it follows that

aðtÞ þ 3bðtÞ ¼ 1: ð5Þ

For a = 0, particle conversion proceeds at constant density. This cor-
respond to the zone III burning regime in which mass conversion
occurs at high temperatures, rendering mass loss rates limited by
the rates of reactant diffusion to the outer surface of the particle,
and the particle reacts primarily at its periphery. Its apparent den-
sity is relatively unchanged and its diameter varies to the one-third
power with mass loss. The specific surface area of the particle is
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Nomenclature

Ak pre-exponential factor of reaction k
Aint,eff effective internal surface area (m2)
Aext external surface area (m2)
C(r, t) reactant concentration at particle radius r and time t

(mol/m3)
CR reactant concentration at particle periphery (mol/m3)
Deff effective diffusivity inside the particle (m2/s)
dV(r, t) volume at time t of shell with radius r and thickness dr
Ek activation energy of reaction k (MJ/kmol)
I auxiliary variable as defined by Eq. (30) (s mol/m2)
k rate constant (1/s)
Mc molar weight of carbon (kg/mol)
mp particle mass (kg)
m(r, t) mass of shell inside particle at radius r, time t and with

thickness dr (kg)
rp particle radius (m)
R mass consumption rate per unit volume (kg/s/m3)
Sgc specific char surface area (m2/kg)

t time (s)
t0 dummy integration variable (s)
Vp particle volume (m3)
x char conversion (–)
xs char conversion when t = s (–)

Greek symbols
a exponent in qp �mp relation (–)
b exponent in rp �mp relation (–)
dt infinitesimal time (s)
g effectiveness factor (–)
�g mean effectiveness factor (–)
m stoichiometric coefficient (–)
qp apparent particle density (kg/m3)
q(r, t) apparent density at particle radius r and time t (kg/m3)
/ Thiele modulus (–)
rk distribution width of activation energy for reaction k

(MJ/kmol)
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relatively unchanged in this conversion regime, due to reaction
rates in the interior being nearly negligible. For a = 1, particles con-
version proceeds at constant diameter, which corresponds to the
zone I burning regime. Here mass conversion occurs at low temper-
atures, rendering mass loss rates limited by chemical reaction rates,
and the particle reacts more or less uniformly throughout its vol-
ume. The particle size is relatively unchanged and the apparent
density varies proportionally with mass loss. The surface area per
unit volume initially increases, reaching a maximum before
decreasing with increasing extents of conversion. The surface area
can be predicted using the grain and pore models that have been
developed for such uniform burning (see for example, the random
pore model of Bhatia and Perlmutter [6]). For 0 < a < 1, particles de-
crease in both size and apparent density, and this correspond to the
zone II conversion regime. In this regime particle mass conversion
rates are limited by the combined effects of chemical reaction and
pore diffusion. Due to the reactant concentration gradients estab-
lished inside particles and the associated distribution of rates of
mass loss due to chemical reaction, particle diameters, apparent
densities, and specific surface areas vary with mass loss when con-
version is in this regime.

The aim of this work is to describe how a varies with conversion
and in effect, describe how the radius and apparent density of a
char particle change with conversion. Unlike other models, e.g.,
[1,4,5], the proposed model contains no free parameters, making
it more predictive. One should keep in mind, however, that the
model was derived assuming ash free particles, high thermal con-
ductivities (such that there are no temperature gradients inside the
particles), and Thiele’s approach to concentration gradients (which
assumed first order heterogeneous kinetics). Therefore, some con-
clusions may not apply under certain scenarios.

Our model is concerned with the carbonaceous portion of por-
ous char particles but it also applies to an ash-containing particle.
Here ash is assumed to be uniformly distributed inside the particle,
and is assumed to have no effect on reaction rates or particle tem-
peratures. At any time, the particle apparent density is assumed to
consist of the apparent density of the ash plus the apparent density
of the carbonaceous portion. The apparent density of the ash is as-
sumed to be constant while the apparent density of the carbona-
ceous portion of the particle is assumed to vary with mass loss,
as described in this paper. Thus, carrying out the calculations on
an ash-free basis (i.e., not considering the ash) and then adding
in the consequences of the ash at the end of the calculation should
yield the correct results for the ash-containing particle. Of course
this assumes that the ash has no impact on the reactivity of the
carbonaceous particle material.
2. Initial stages of char conversion

In this section, consideration is given to the initial stages of
mass conversion when the particle radius, and consequently also
the particle volume, is constant. Here it is assumed that for the
conditions of interest (temperature, pressure, internal particle sur-
face area, etc.), the mass consumption rate at the external surface
is small compared to the mass consumption rate on internal sur-
faces such that the mass conversion due to the external surface
can be neglected (see Appendix C for justification). Initially the par-
ticle radius will therefore stay constant for a time s until the appar-
ent density of a thin shell at the particle periphery has reached
zero.

In the spirit of Thiele [8], the effectiveness factor is defined as

g ¼ Actual overall particle consumption rate
Maximum overall particle consumption rate

¼
dmp

dt

� �
dmp

dt

� �
max

; ð6Þ

where mp is the mass of the particle. In the following, a mass con-
sumption rate per unit volume, R(r, t), will be used such that the
change of mass in a thin, spherical shell with radius r and volume
dV(r, t)(=4pr2dr) is

dmðr; tÞ
dt

¼ �Rðr; tÞdVðr; tÞ: ð7Þ

Since R(r, t) is assumed to be at its maximum at the particle surface
where the reactive gas concentration is the highest i.e., at r = rp, the
maximum possible mass conversion rate of the particle is given by

dmp

dt

� �
max
¼ �VpRðrp; tÞ; ð8Þ

where rp is the particle radius and Vp ¼ 4=3pr3
p is the particle vol-

ume. Eqs. (6) and (8) can be combined to reveal that
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dmp

dt
¼ gðtÞ dmp

dt

� �
max
¼ �gðtÞVpRðrp; tÞ; ð9Þ

where g(t) is the value of the effectiveness factor at time t during
the course of char conversion. In terms of char conversion x
(=1 �mp/mp,0), the above equation can be written as

dxðtÞ
dt
¼ gðtÞVpRðrp; tÞ=mp;0 ¼ gðtÞRðrp; tÞ

qp;0
: ð10Þ

This equation gives the char conversion rate at any time in terms of
the reaction rate at the outer surface of the particle and the effec-
tiveness factor at the time of interest, and the initial apparent den-
sity of the particle, qp,0.

A relationship for the change in apparent density within a con-
centric spherical shell of radius r at any given time is obtained by
dividing Eq. (7) by dV(r, t): Thus,

dqðr; tÞ
dt

¼ �Rðr; tÞ: ð11Þ

Separating variables and integrating yields

qðr; tÞ � qðr;0Þ ¼ �
Z t

0
Rðr; t0Þdt0; ð12Þ

and for a spherical shell at the particle periphery,

qðrp; tÞ � qðrp;0Þ ¼ �
Z t

0
Rðrp; t0Þdt0: ð13Þ

If s is the time that it takes for the mass in this outermost shell to be
completely consumed, i.e. the time when q(rp, t) = 0, then

qðrp;0Þ � qp;0 ¼
Z s

0
Rðrp; t0Þdt0: ð14Þ

For a typical CFD simulations with Lagrangian particle tracking, s
can be easily found for each particle by integrating the mass con-
sumption rate per unit volume at the outer surface of the particle
(R(rp, t)), which is readily calculable given the particle size, intrinsic
reactivity and temperature and ambient conditions. In practice this
is done by evaluating the integral Is ¼

R t
0 Rðrp; t0Þdt0 at every time t of

a CFD simulation. When Is is known it is determined whether t is
smaller or greater than s by checking whether Is is smaller or great-
er than qp,0. This means that for a CFD simulation, s is not an input
parameter to the simulation. From Eq. (14) it is seen that the time s
only depends on q(rp,0) and R(rp, t), which means that s is indepen-
dent of physical particle parameters such as porosity and internal
diffusion coefficients.

When R(rp, t) is not known, one can proceed by assuming R(rp, t)
and g(t) to be independent such that the integral of the product of
the two becomes the mean value of g times the integral of R(rp, t).
In terms of the mean effectiveness factor:

gðtÞ ¼ 1
t

Z t

t0¼0
gðt0Þdt0: ð15Þ

Eq. (10) can now be integrated together with Eq. (14) from t = 0 to s
to yield

xs ¼ xðsÞ ¼ 1
qp;0

Z s

t¼0
gðtÞRðrp; tÞdt ¼ gðsÞ

qp;0

Z s

t¼0
Rðrp; tÞdt ¼ gðsÞ:

ð16Þ

This relation indicates that char conversion at the time when the
mass in the outermost shell of the particle is completely consumed
(i.e., at t = s) equals the mean value of the effectiveness factor. Or, in
other words, s is considered to be the time when x ¼ g.

For x < xs the radius of the particle is constant at rp,0, the initial
particle radius, while the apparent density of the particle varies
with conversion: qp = qp,0mp/mp,0 = qp,0(1 � x). This means that
for a particle having a conversion rate that falls in the zone I con-
version regime where g = 1, the particle radius will be constant
throughout the conversion process. On the other hand, for a parti-
cle having a conversion rate that falls in the zone III conversion re-
gime where g is quite small, the particle radius will start to
decrease for very small values of conversion.
3. After the initial stages of char conversion

At times greater than s, Eqs. (3) and (4) are assumed to govern
the change in particle size and apparent density with conversion. It
is convenient to rewrite Eq. (3) as follows:

qp þ
dqp

dt dt
qp

¼
mp þ dmp

dt dt
mp

 !a

: ð17Þ

After a Taylor expansion of the right hand side for small dt and
algebraic rearrangement, Eq. (17) becomes

dqp

dt
¼ a

dmp

dt
qp

mp
¼ dmp

dt
a

Vp
; ð18Þ

when higher order terms are neglected. In the same way, Eq. (4) can
be rewritten as

drp

dt
¼ b

dmp

dt
rp

mp
¼ dmp

dt
1� a

4pr2
pqp

: ð19Þ

Before Eqs. (18) and (19) can be used to follow size and apparent
density with conversion, a must be determined.

By differentiating the relationship between mass, apparent
density and volume (mp = Vpqp), one obtains after rearrangement

dqp

dt
¼ 1

Vp

dmp

dt
�

qp

Vp

dVp

dt
: ð20Þ

Since Vp ¼ 4pr3
p=3, the rate of change in particle volume can be

written as

dVp

dt
¼ 4pr2

p
drp

dt
¼ �4pr2

p
@r
@q

� �
@q
@t

� �� �
r¼rp

¼ �4pr2
p
@qðrp; tÞ

@r

� ��1
@qðrp; tÞ

@t

� �
; ð21Þ

where the chain rule was used for drp/dt and the minus sign reflects
the fact that particle volume decreases in time. An expression for
@q(rp, t)/@t can be determined by combining Eq. (11), Eq. (8) and
Eq. (6) to yield

dqðrp; tÞ
dt

¼ 1
gVp

dmp

dt
: ð22Þ

Employing this expression in Eq. (21) results in

dVp

dt
¼ �4pr2

p
1

gðtÞVp

dmp

dt

� �
@qðrp; tÞ

@r

� ��1

: ð23Þ

An expression for the last partial derivative on the right hand side of
this equation is derived by considering the reactive gas concentra-
tion gradient inside the particle. For a single, first-order irreversible
reaction consuming the carbonaceous particle material, Thiele [8]
showed that at steady state, the reactant concentration within the
particle is given by

CðrÞ ¼ CRrp

r
sinhð/r=rpÞ

sinhð/Þ ; ð24Þ

where / is the Thiele modulus, a dimensionless group that gives a
relative measure of chemical reaction rates to molecular diffusion
rates:
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/ ¼ rp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
RðrpÞm

CRDeff Mc

s
: ð25Þ

Here m is the stoichiometric coefficient that relates the moles of gas
consumed for each mole of carbon gasified, Deff is the effective dif-
fusivity inside the particle and R(rp) is the steady state reaction rate
at the particle surface: R(rp) = kCRMc/m, where k is the first order rate
constant and Mc is the molar weight of carbon. For / < 1, the effec-
tiveness factor is near unity and for / > 15 the effectiveness factor is
less than 0.2, indicative of char conversion with changes in both size
and apparent density.

Since both the diffusive and reactive time scales, (r2
p=Deff ) and

(CRMc/mR(rp)), respectively, are much shorter than the time scale
related to the particle mass conversion (qp/R(rp)), it is reasonable
to approximate the char conversion process as being in quasi stea-
dy-state. Assuming quasi steady-state, Eqs. (24) and (25) become

Cðr; tÞ ¼ CRðtÞrpðtÞ
r

sinhð/ðtÞr=rpðtÞÞ
sinhð/ðtÞÞ ; ð26Þ

and

/ðtÞ ¼ rpðtÞ

ffiffiffiffiffiffiffiffi
k

Deff

s
: ð27Þ

For a first-order consumption rate, Eq. (11) can be written as

@qðr; tÞ
@t

¼ � kCðr; tÞMc:

m
: ð28Þ

Separating variables and integrating from t = 0 to t results in

qðr; tÞ ¼ qðr;0Þ �
Z t

0

kCðr; tÞMc

m
dt ¼ qp;0 �

kMc

mr
Iðr; tÞ; ð29Þ

where

Iðr; tÞ ¼
Z t

0
CRðt0Þrpðt0Þ

sinh /ðt0Þr=rpðt0Þ
	 


sinhð/ðt0ÞÞ dt0: ð30Þ

Differentiating Eq. (29) with respect to r gives

@qðr; tÞ
@r

¼ Mck
mr

Iðr; tÞ
r
� @Iðr; tÞ

@r

� �
: ð31Þ

For the apparent density in a thin spherical shell at the particle
periphery this equation becomes

@qðrp; tÞ
@r

¼ Mck
mrp

Iðrp; tÞ
rp

� @Iðrp; tÞ
@r

� �
: ð32Þ

For / > 4, it can be shown that (see Appendix A)

@Iðrp; tÞ
@r

¼ /ðtÞ
rpðtÞ

Iðrp; tÞ; ð33Þ

and therefore

@qðrp; tÞ
@r

¼ kMc

mr2
p

Iðr; tÞ 1� /ðtÞ½ �: ð34Þ

From Eq. (29), the apparent density in the shell at the periphery of
the particle is

qðrp; tÞ ¼ qp;0 �
kMc

mrpðtÞ
Iðrp; tÞ; ð35Þ

or upon rearranging, solving for I(rp, t)

Iðrp; tÞ ¼
mrpðtÞ
kMc

�qðrp; tÞ þ qp;0

h i
: ð36Þ

At the time when the mass in the outermost shell is consumed,
q(rp, t) = 0 and
Iðrp; tÞ ¼
qp;0mrpðtÞ

kMc
: ð37Þ

Employing this result in Eq. (34) yields the following expression for
the apparent density gradient at the particle periphery:

@qðrp; tÞ
@r

¼
qp;0

rpðtÞ
ð1� /ðtÞÞ: ð38Þ

For a first-order reaction consuming the reactant gas, Thiele showed
that the relationship between the Thiele modulus and the effective-
ness factor is given by

g ¼ 3
/2

/
tanhð/Þ � 1
� �

: ð39Þ

Since tanh(/) � 1 for / > 4 the above equation reduces to

g ¼ 3
/2 /� 1½ �; ð40Þ

for / > 4. With this, Eq. (38) can be written as

dqðrp; tÞ
dr

¼ �
qp;0

rpðtÞ
gðtÞ/ðtÞ2

3
: ð41Þ

Using this in Eq. (23) yields the following expression for the tempo-
ral variation in the volume of the char particle during conversion:

dVp

dt
¼ 1

qp;0

dmp

dt
9

g2/2 : ð42Þ

Combining the above expression with Eq. (20) yields

dqp

dt
¼ 1

Vp

dmp

dt
1� 9

g2ðtÞ/2ðtÞ
qp

qp;0

 !
; ð43Þ

which gives the temporal variation in the apparent density of the
particle in terms of the mass conversion rate.

The apparent density of the particle at any time can be deter-
mined using the following expression

qp ¼
mp

Vp
¼ 1

Vp

Z rp

r¼0
4pr2qðr; tÞdr; ð44Þ

where the mass of the particle is described by an integration over
the mass in all concentric spherical shells within the particle. As
shown in Appendix B, the integral on the right hand side of Eq.
(44) equals qp,0Vp(1 � g) for a first-order char consumption rate.
Consequently,

qp ¼ qp;0ð1� gÞ: ð45Þ

Using this expression on the right hand side of Eq. (43) results in

dqp

dt
¼ 1

Vp

dmp

dt
1� 9ð1� gÞ

g2/2

" #
: ð46Þ

By comparing Eqs. (46) and (18), the mode of conversion parameter
a is identified:

a ¼ 1� 9ð1� gÞ
g2/2 : ð47Þ

This equation permits the evolution of a from evaluation of the Thi-
ele modulus and effectiveness factor. For cases with large /, one can
make the approximation that

g ¼ 3
/2

/
tanhð/Þ � 1
� �

� 3
/
: ð48Þ

Combining this with Eq. (47) reveals that

a ¼ g; ð49Þ
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which shows that after the initial stages of conversion, i.e. when the
diameter is decreasing with mass loss, the mode of conversion is
governed by the effectiveness factor. Although Eq. (49) strictly ap-
plies for large /, as shown below, it yields reasonable accurate re-
sults also for smaller values of /. Thus, during the course of
conversion, our model for the mode of conversion of a porous par-
ticle is given by

for t 6 s
drp

dt
¼ 0 and

dqp

dt
¼ dmp

dt
1

Vp

and for t > s
drp

dt
¼ dmp

dt
1� g

4pr2
pqp

and
dqp

dt
¼ dmp

dt
g

Vp
:

ð50Þ

Employing Eq. (9) to determine the mass consumption rate, these
equations are used to follow the variations in char particle size
and apparent density during mass conversion in the calculations
presented below.

4. Comparing with simulations

Simulations of heterogeneous combustion do involve a large
number of uncertainties such as the homogeneous and heteroge-
neous chemical mechanism, the particle pore structure, treatment
of particle–fluid boundary layer together with the thermodynami-
cal parameters of both the gas and the solid. Discussing these
uncertainties is, however, beyond the scope of this work. The aim
of this paper is to describe the evolution of particle radius and
apparent density as a function of time by utilizing models for the
gradients of gas reactants and apparent density inside the particle.
In the current section the predictions of the model described in the
first part of this paper are compared with results from a fully re-
solved simulation tool in order to assess the predictability of the
model. The resolved simulation tool that is used to obtain the
benchmark results is previously described in Mitchell et al. [7].
In this direct numerical simulation (DNS) code, the gradients inside
the particle are resolved by discretizing the particle into a large
number of thin spherical shells for which the evolution equations
of gas phase concentration and apparent char density are solved.
In the DNS code, a multi-step adsorption/desorption reaction
mechanism was used to describe the char conversion process.
The reaction mechanism, as listed in Table 1, is the same as used
in Mitchell et al. [7] but the rate parameters (determined from
mass loss data obtained in thermogravimetric experiments) are
for the char of Wyodak coal, a sub bituminous coal from Wyoming
[9]. The reaction scheme is based on the turnover concept of
Haynes [10], in which the carbon atoms that desorb from the car-
bonaceous matrix as CO or CO2 expose an underlying carbon atom
that becomes a free carbon site, a carbon site available for adsorp-
tion of gas phase species. Hurt and Haynes [11] have shown that a
distribution of desorption (or adsorption) activation energies in
turnover models gives rise to reacting systems that exhibit a range
of reaction orders, from fractional to unity, depending on how
Table 1
Arrhenius parameters for the surface reactions for the char of Wyodak coal. The unit
of both the activation energy Ek and the distribution width rk is MJ/kmol.

Nr. Reaction Ak Ek rk

R1a 2Cf + O2 ? C(O) + CO 6.50 � 1013 102 0
R1b 2Cf + O2 ? C2(O2) 8.95 � 109 55 0
R2 Cb + Cf + C(O) + O2 ? C(O) + CO2 + Cf 1.18 � 1015 120 0
R3 Cb + Cf + C(O) + O2 ? 2C(O) + CO 3.74 � 1022 227 0
R4 C(O) + Cb ? CO + Cf 1.00 � 1013 353 36
R5 Cb + C2(O2) ? 2Cf + CO2. 1.00 � 1013 304 33
broad the distribution is. Our mechanism and associated parame-
ters (with a relatively large sigma on the desorption reactions)
yields near first-order behavior.

In our simulation, the mass consumption rate per unit volume
(R(r, t)) is calculated via the reaction mechanism presented in Table
1. This is done via the following equation:

Rðr; tÞ ¼ MCSgcmp

Vp
R̂RR1aðrÞ þ R̂RR2ðrÞ þ R̂RR3ðrÞ þ R̂RR4ðrÞ þ R̂RR5ðrÞ
� �

;

ð51Þ

where Mc is the molecular weight of carbon, Sgc is the specific sur-
face area of the char, which varies with conversion according to
Bhatia and Perlmutter’s Random Pore Model [6], and R̂Ri are the
reaction rates, expressed in units of moles per m2 per second and
calculated assuming an Arrhenius form for the reaction rate coeffi-
cient, as follows:

R̂RiðrÞ ¼ Ai exp
�Ei

RT

� �Y
½CjðrÞ�mj : ð52Þ

In Eq. (52), Ai and Ei are the Arrhenius pre-factor and activation en-
ergy, respectively, and Cj(r) is the concentration at that radial loca-
tion r for each reactant j present in reaction i (mol/m3 for gaseous
reactants, and mol/m2 for surface reactants) and mj is the stoichiom-
etric coefficient for species j in reaction i.

Using resolved numerical simulations to check the model re-
sults instead of comparing with experimental results has the
advantage that it screens out issues related to the uncertainties
mentioned in the beginning of this section. Any differences be-
tween the model and the benchmark results would be due to
shortcomings of the presented model in predicting particle radius
and apparent density evolution. It is important to realize that for
the current model there are no free parameters such that a similar-
ity between the model and the benchmark simulations is not due
to parameter tuning but rather shows the predictive capabilities
of the model.

Three cases at different temperatures, but which all represent
combustion of a 100 lm diameter char particles in an atmosphere
of 6% O2, have been simulated. The results are presented in Figs. 1
and 2. The benchmark results for the particle radius and apparent
density as a function of time, obtained by the DNS code described
in Mitchell et al. [7], are shown as the red lines in the two figures.
The results obtained using Eq. (14) or Eq. (16) for s are shown as
the dashed black and green lines, respectively. Note that the mean
effectiveness factor varies with conversion at each temperature,
indicative of conversion in the zone II regime. At 1000 K, gmin is
about 0.4, and for a first-order reaction / � 0.6. At 1100 K,
gmin � 0:1 and / = 30. The Thiele modulus is even greater at
1200 K.

By inspecting Fig. 1, it is noted that the time s when the particle
radius start to decrease is accurately described by Eq. (14) (black
dashed line) for all three temperatures. When Eq. (16) is used to
determine s (green dashed-dotted line), the predictions are good
at the two highest temperatures but not as good at the lower tem-
perature. This is due to the fact that in obtaining Eq. (16) we made
the assumption that the reactivity at the outer shell of the particle
and the effectiveness factor were independent. Eq. 25 indicates
that the Thiele modulus is related to the reactivity at the outer sur-
face such that if g and / are independent then also g and R(rp, t) are
independent. In Fig. 3 the effectiveness factor is plotted as a func-
tion of the Thiele modulus, employing Eq. (39). As can be seen for
small values of the Thiele modulus, g is strongly dependent on /
and hence also on R(rp, t). For larger values of the Thiele modulus,
the dependence is rather weak. This explains why Eq. (16) yields
good predictions for high temperatures, where the Thiele modulus
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Fig. 1. Time evolution of overall conversion (black line), mean effectiveness factor (blue line) and normalized particle radius (r̂p ¼ rp=rp;0) (red line) from fully resolved
simulations. Also shown is the normalized particle radius obtained by using Eq. (50) when s has been found from Eq. (14) (black dashed line) and from Eq. (16) (green dashed-
dotted line). The three different panels show results from simulation with temperatures of 1000 K, 1100 K and 1200 K for 100 lm char particles exposed to 6% O2.
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is large, while the predictions are poor for the lowest temperatures
where the Thiele modulus is small.

For t > s, it is seen from Figs. 1 and 2 that in particular for the
two highest temperatures the model results are quiet good. For
the lowest temperature the model yields results that deviate from
the DNS calculations at late times. This discrepancy is a conse-
quence of an inadequate assumption. In deriving Eq. (50), the
Thiele modulus is assumed to be large (at least greater than 4),
whereas at 1000 K / � 0.6. Despite this deviation the predictability
of the model is overall found to be remarkably good.
5. Summary

A mode of conversion model relating the evolution of particle
radius, apparent density and mass is presented. The model yields
a time when the particle radius starts to decrease and the rates
at which the radius and apparent density decrease after this time.
The model itself does not include any tunable parameters. It should
be kept in mind that the model presented is for an ash-free particle
with uniform temperature. The apparent density of the ash-con-
taining particle is readily calculable from the apparent density of
the ash (assumed to be constant), the apparent density of the car-
bonaceous portion of the particle (as described by the burning
mode relations) and the mass fraction of ash in the particle (as
determined from mp/mp,0 and the mass fraction of ash in the initial
char).

The time when the particle radius starts to decrease can be
identified when the reactivity at the particle surface is known. If
the surface reactivity is not known, however, the assumption that
the surface reactivity is constant during the initial stages is made.
From this it is shown that when the conversion equals the mean
effectiveness factor, the particle radius will start to decrease.

After the initial stages, i.e. when the particle radius is decreas-
ing, the model takes the approach of Thiele when describing the ef-
fects of non-uniform concentration gradients inside the particle.
Here it is shown that the temporal evolution of the particle radius
and the apparent density are functions of the particle mass conver-
sion rate, the particle radius and the effectiveness factor. In addi-
tion the particle radius evolution also depends on the apparent
density.

When comparing the model results with results from a fully re-
solved particle simulation, the model is shown to perform very
well. Although it can only be shown that a = g theoretically for
an irreversible first-order reaction consuming the carbonaceous
particle material, we believe that the use of a = g (for use in the
power-law mode of conversion expressions given by Eq. (3)) will
yield calculated size and apparent density variation with mass loss
that adequately agree with measurements for any choice of reac-
tion mechanism used to describe experimental data. Based on this
we claim that the current model is ideal as a sub-model for the
mode of conversion of reactive porous char particles in numerical
simulations.
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Appendix A. The density gradient at the particle surface

To find the density gradient at the particle surface one must
first find an expression for the dI(r, t)/dr term in Eq. (31). From
Eq. (30) we know that

Iðr; tÞ ¼
Z t

0
CRðt0Þrpðt0Þ

sinh /ðt0Þr=rpðt0Þ
	 


sinhð/ðt0ÞÞ dt0; ð53Þ

which can be differentiated with respect to the radius to find

@Iðr; tÞ
@r

¼
Z t

0

/ðt0Þ
rpðt0Þ

1
tanh /ðt0Þr=rpðt0Þ

	 
CRðt0Þrpðt0Þ

�
sinh /ðt0Þr=rpðt0Þ

	 

sinhð/ðt0ÞÞ dt0: ð54Þ

From Eq. (27) one can see that /(t0)/rp(t0) is independent of time as
long as the ratio k/Deff is constant. Furthermore, since tanh (y) � 1
for y P 4 it is true that tanh (/(t0)r/rp(t0)) � 1 if /(t0) > 4 since
r/rp(t) 6 1. From this Eq. (54) can be simplified to

@Iðr; tÞ
@r

¼ /ðtÞ
rpðtÞ

Iðr; tÞ: ð55Þ
Appendix B. Derivation of the particle mass

The mass of the particle at time t is found by integrating Eq. (29)
over all r;

mpðtÞ ¼
Z rp

0
4pr2qðr; tÞdr ¼

Z rp

0
4pr2 qp;0 �

kMc

rm
Iðr; tÞ

� �
dr

¼ VpðtÞqp;0 �
4pkMc

m

Z rp

0
rIðr; tÞdr: ð56Þ

In order to evaluate the integral on the right hand side, consider the
following. For / > 4, Eq. (55) can be used to show that

d
dr

rpðtÞ
/ðtÞ Iðr; tÞ

� �
¼ Iðr; tÞ: ð57Þ

Integrating by parts yieldsZ rp

0
rIðr; tÞdr ¼

r2
pðtÞ

/2ðtÞ
Iðrp; tÞð/ðtÞ � 1Þ: ð58Þ

Now, employing Eq. (58) in Eq. (56) yields the following for the
mass of the particle in light of Eq. (37)
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mpðtÞ ¼ VpðtÞqp;0 �
4pqp;0r3

pðtÞ
/2ðtÞ

/ðtÞ � 1ð Þ: ð59Þ

Using Eq. (40) now yields

mpðtÞ ¼ Vpqp;0ð1� gðtÞÞ: ð60Þ
Appendix C. External surface area

In a char particle there will typically by mass conversion due to
both the internal surfaces, revealed through the internal pores, and
due to the external surface. The external surface has an area
Aext ¼ 4pr2

p where rp is the radius of the char particle while the to-
tal internal surface area of the particle is given by Sgcmp where mp

is the mass of the char particle and Sgc is the specific surface area of
the char. The transport of species inside the particle is diffusion
controlled, and for typical char particles it is even controlled by
the rather slow Knudsen diffusion. For particles with higher reac-
tivities the entire internal surface area of the particle will therefore
not be reacting. It is convenient to define the effective internal sur-
face area based on the effectiveness factor such that

Aint;eff ¼ Sgcmg: ð61Þ
When using typical values for a char of Sgc = 3 � 105 m2/kg, qp =
103 kg/m3 and rp = 10�4 m this yields

Aext

Aint;eff
¼

4pr2
p

Sgcg 4
3 pr3

pqp

¼ 3
rpqpSgcg

¼ 10�4

g
; ð62Þ

where 4pr3
p=3 was used for the mass of the particle. The above

shows that for a typical char particle the external surface area is
much smaller than the effective internal surface area, unless the
effectiveness factor is very small. In our approach, we therefore ne-
glect mass conversion at the external surface of the particle.
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