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The subcharacteristic condition for hyperbolic relaxation systems states that wave
velocities of an equilibrium system cannot exceed the corresponding wave velocities of
its relaxation system. This condition is central to the stability of hyperbolic relaxation
systems, and is expected to hold for most such models describing natural phenomena.

In this paper, we study a hierarchy of two-phase flow models. We consider relaxation
with respect to volume transfer, heat transfer and mass transfer. We formally verify that
our relaxation processes are consistent with the first and second laws of thermodynamics,
and present analytical expressions for the wave velocities for each model in the hierarchy.
Through an appropriate choice of variables, we prove directly by sums-of-squares that
for all relaxation processes considered, the subcharacteristic condition holds for any
thermodynamically stable equation of state.
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1. Introduction

Two-phase pipe flow simulations have a number of important industrial applica-
tions, including nuclear reactor safety analysis,>!?
COy capture and storage.''? In order to obtain models sufficiently tractable
for such large-scale industrial simulations, some simplifying assumptions must be

petroleum production*® and
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made. In particular, most relevant flow models are averaged in space to yield one-
dimensional systems of hyperbolic balance laws, expressible in the form:
ou OoFU ow (U
U OFW) oW (V)
ot Ox ox
to be solved for the unknown M-vector U.
Furthermore, dynamical two-phase flow processes will generally not take place in

= S(U), (1.1)

thermodynamic equilibrium. However, the relaxation time towards equilibrium may
for several practical purposes be small. For such cases, the equilibrium assumption
may be a valid approximation.

In this paper, we are interested in studying how the assumptions of mechanical,
thermal, and phase equilibrium influence the propagation of pressure waves in the
resulting fluid-mechanical models.

For smooth solutions, the models may be written in the general relazation

form!:
oUu ou 1
o T AL =-Q(U), (1.2)
where
_OF(U) oW (U)
A=+ B (1.3)

The relaxation term @ is assumed to be endowed with a constant linear operator
P with rank m < M such that

PQU) =0. (1.4)

This yields m homogeneous equations

ov oUu
L PA — 1.
o " PAG; =0 (15)
in the reduced variable
V = PU. (1.6)

We further assume that each V' uniquely determines a local equilibrium value U =
E(V), satisfying Q(E(V')) = 0 as well as

PEV)=V. (1.7)
One may then close the system (1.5) by imposing the equilibrium condition for U:
U=¢&V). (1.8)

As e — 0, the solutions to the relaxation system (1.2) are expected to approach the
solutions to the relaxed system (1.5).
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1.1. The subcharacteristic condition

In fluid mechanics, it has long been folklore knowledge that imposed equilibrium
conditions tend to decrease the wave velocities predicted by the model. This has
commonly been expressed as the “frozen” speed of sound being larger than the
equilibrium speed of sound.”1®

A mathematical understanding of this phenomenon was achieved through the
concept of the subcharacteristic condition, first introduced by Liu.'® A general,
precise definition is stated by Chen et al.®:

Definition 1. Let the M eigenvalues of the relaxing system (1.2) be given by
M<o <M< A1 <. < A (1.9)
and the m eigenvalues of the relaxed system (1.5) and (1.8) be given by
M< <A< << (1.10)

Herein, the relaxation system (1.2) is applied to a local equilibrium state U = £(V)
such that

Ae = M(E(V)), A =X(V). (1.11)

Now let the S\j be interlaced with A, in the following sense: Each S\j lies in the
closed interval [A;, A\j4ar—m]. Then the relaxed system (1.5) is said to satisfy the
subcharacteristic condition with respect to (1.2).

The subcharacteristic condition is central to the question of stability of the stiff
limit of relaxation systems. As pointed out by Natalini,'* the condition can be
interpreted as a causality principle. Source terms have only a local influence on the
system, and can therefore not increase the characteristic speeds of information. We
expect this to hold also in the stiff limit ¢ — 0.

Chen et al.’ proved that if the relaxation system (1.2) may be equipped with
a convex entropy function that is dissipated by the relaxation term, then the sub-
characteristic condition holds. Furthermore, a converse holds for linear systems and
general 2 X 2 systems.

1.2. OQutline of this paper

In recent years, there has been significant interest in various relaxation models for
two-phase flows.1:6:13:16:17:20 Nych of this work builds on the classic paper by Baer
and Nunziato.? Few of these recent works seem to focus on the subcharacteristic
condition, an observation which motivates our current paper. We here wish to sys-
tematically investigate various two-phase flow relaxation models, with a particular
emphasis on the interlacing of eigenvalues as described in Definition 1.

The relaxation models we consider are highly related to the models presented
in recent works by Saurel et al.!'” and Zein et al.?? Furthermore, exact expressions
for the eigenvalues of several of our models already abound in the literature.6817:18
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Fig. 1. A hierarchy of relaxation models for two-phase flows. The circles represent the various
models, and the arrows represent relaxation processes.

Combining these established results with some original analysis, we will show di-
rectly that all our relaxation processes satisfy the subcharacteristic condition.

First, we focus on formulating explicit relaxation procedures that formally re-
spect the first and second laws of thermodynamics. Then, we make our main origi-
nal contribution, by expressing the eigenstructure of the models in natural variables
that allows us to prove the subcharacteristic conditions directly by sums-of-squares.
In particular, for any model B that arises from a model A through a relaxation pro-
cedure, we show that the mixture sound velocities a are related by

ag’ =a > + 7§, (1.12)

where Zg‘ involves only sums-of-squares with positive coefficients. From this, the
subcharacteristic conditions follow directly.
The relaxation procedures we will consider are the following:

(i) Mechanical relazation, or relaxation with respect to volume transfer. As
this drives the models towards pressure equilibrium, we will denote this as
p-relaxation.

(ii) Thermal relaxzation, or relaxation with respect to heat transfer. As this
drives the models towards temperature equilibrium, we will denote this as
T-relaxation.

(iil) Material relazation, or relaxation with respect to phase transfer. As this drives
the models towards chemical-potential equilibrium, we will denote this as
u-relaxation.

For all the relaxation models, we will make the a priori assumption of dynamic
equilibrium; the two phases are assumed to flow with the same velocity. The hier-
archy of relaxation processes investigated in this paper is schematically presented
in Figure 1.

Our paper is organized as follows: In Section 2, we present the basic relaxation
model where heat, mass and volume transfer between the phases are all modelled by
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relaxation source terms. We provide explicit expressions for these relaxation source
terms that satisfy the first and second laws of thermodynamics, and derive the wave
velocities of this model.

Then, in Section 3, we consider the model that arises from performing the p-
relaxation on the basic model. In Section 4, we consider pT-relaxation; the simul-
taneous relaxation of both the pressures and the temperatures. In Section 5, we
consider simultaneous relaxation of the pressures and chemical potentials, here de-
noted as pu-relaxation. For both these cases we prove the subcharacteristic condition
in the sense of Definition 1.

In Section 6, we consider the fully relaxed model, also denoted as the homoge-
neous equilibrium (HEM) model. We review the wave structure of this model, and
recover the well-known fact that this model has a discontinuous mixture sound ve-
locity in the limit where one of the phases disappears. Remarkably, it turns out that
this discontinuous behaviour cannot be attributed to one single relaxation proce-
dure; each procedure in itself yields continuous behaviour. Rather, the discontinuity
of the HEM model is an emergent phenomenon, arising only when all relaxation
procedures are simultaneously applied.

In Section 7, we illustrate our results by plotting the various sound velocities for
a couple of practically relevant two-phase mixtures. Finally, in Section 8, we briefly
discuss and summarize our results.

2. The Basic Model

In this section, we describe our fundamental model where no thermodynamic equi-
librium assumptions are made. In particular, we assume that both the gas (g) and
liquid phase (¢) have separate pressures, temperatures and chemical potentials.
However, we assume that both phases flow with the common velocity v. Heat, mass
and volume transfer are now modelled by relaxation source terms.

2.1. Mass conservation

Without loss of generality, we may now formulate mass conservation equations as

follows:
0] 0
a(/’ga@ + %(fogag”) = K(pe — pig), (2.1)
0 0
&(Pzae) + %(me) = K(pg — o), (2.2)
where we have used the following nomenclature:
pr - density of phase k (kg/m?),
v - velocity common to both phases (m/s),
a - volume fraction of phase k (g +ap =1),
ur - chemical potential of phase k m? /s?,

K - phase transfer relaxation coefficient kg-s/m5.
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Here we only assume that /C > 0. Now, these equations have the following properties:

e total mass is conserved;
e mass flows from high to low chemical potential;
e there is no phase transfer when the chemical potentials are equal.

2.2. Volume advection

We now assume that in Lagrangian coordinates, only pressure differences will induce
a volume transfer between the phases. In this respect, we follow in the footsteps of

classical two-phase relaxation models.?16

8ag 8ozg
ot Vor

Herein, a couple of new symbols are introduced:

= J (pg — pe)- (2.3)

pr - pressure of phase k Pa,
J - volume transfer relaxation coefficient (Pa-s)~1,

where we assume that J > 0.

2.3. Momentum conservation

The common velocity v between the phases may be obtained from conservation of
total momentum:

0 0
a(pv) + %(pv2 + agps + agpe) =0, (2.4)

where we have used the shorthand

P = pgltg + prov. (2.5)

2.4. Energy balance

The energy balance equations will consist of two parts:

(i) the transport part, involving spatial derivatives;
(ii) the relazation part, involving source terms.

We will find it instructive to focus on these parts separately when constructing our
energy balance equations.

2.4.1. Energy relaxation terms

We assume that mass, heat and volume transfer all contribute to energy transfer
between the phases. If we for the moment ignore transport effects, this can be
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written with no loss of generality as ordinary differential equations:

d(pgage . .

Woes®s) _ 1, 1) 5 T - p) + 7K~ ). (26)

d(pgagez) - * *

—q = T = To) +p"T (pg = pe) + 1 K = pe), (2.7)
where have assumed only that all relaxation processes individually conserve total
energy, i.e.

d(ﬁgoégegd;L peowee) (2.8)

Herein, we have introduced some new symbols:

er - specific internal energy of phase k m?/s?,

H - heat transfer relaxation coefficient kg/(m-s3-K),
p* - effective pressure at the gas-liquid interface Pa,

pu* - effective chemical potential at the gas-liquid interface m?/s2.

2.4.2. Entropy source terms

As our next step, we aim to transform these energy source terms into corresponding
source terms for the entropy. Ignoring transport effects in (2.1)—(2.3), we may write

Pe) _ i, — ) (29)
0] (g — ), (210)
% = J(ps — o). (2.11)

Using these results together with (2.6)—(2.7), we obtain

ds . N
PgangTf =H(Te —Ty) + (p" - pg)j(pg _pg) +(p" = g — Tgsg) K(pe — He)s
(2.12)
ds N "
peaeTeT; =H(Ty —Ty) + (p* — pe) T (g — pe) + (1" — e — Tose) Kpg — pte),
(2.13)
where we have used the fundamental thermodynamic differential
dey = Tj dsy + :LQ dpr,  ke{gl} (2.14)
k

as well as the product rule for derivatives. Herein, s is the specific entropy of phase
k.
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2.4.3. Entropy evolution equations

We now make the assumption that in Lagrangian coordinates, only the relaxation
source terms contribute to entropy changes. More precisely, we introduce the ma-
terial derivative

D=2 1,2 (2.15)
and rewrite (2.12)—(2.13) as

pegTyDisg = H(Ty — Ty) + (p* — pg) T (pe — pg) + (1" — pg — Tgsg) K(pe — pg),
(2.16)

peoTyDysg = H(Ty —Ty) + (0 — pe) T (pg — Do) + (0 — pre — Tyse) K(pg — fie)-
(2.17)

2.4.4. The second law of thermodynamics

By using (2.1)-(2.2), we may rewrite (2.16)—(2.17) as

0 0
Ty <6t(pgag3g) + &C(pgagsgv)>

=H(Te — Ty) + (p* — pg) T (pe — pg) + (1" — p1g) (e — pig), (2.18)

T, (;(peaese) + gl(peaesw))
=H(Ty —To) + (p* — pe) T (g — pe) + (1* — pe)K(pg — pe). (2.19)

Proposition 1. Sufficient conditions for the relazation model given by (2.1)-(2.4),
(2.16)—(2.17) to satisfy the second law of thermodynamics are:

H >0, (2.20)
J >0, (2.21)
K >0, (2.22)
min(pg, pe) < p* < max(pg, pe), (2.23)
min(pg, ) < p* < max(pig, fie)- (2.24)
Proof. We define the total entropy S through
S = pgigsg + pecresy. (2.25)

Furthermore, we write (2.23)—(2.24) as

Pt = 5ppg + (1 - 5p)p€a ﬂp € [0, 1], (2'26)
W= Bupg + (1 — Bu) e, By €[0,1]. (2.27)
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Then from (2.18)—(2.19) we obtain

(lS* ﬁ _ (Tt — Tg)2
ot T aa S =M,

1- L-
+ ( ij 1 %) J (e = pg)* + (Tf” + %) Klpe = p1g)*. (228)

Now inside a closed region R the global entropy 2 is given by
Qt) = / S(z,t)dz. (2.29)
R

Then from (2.28) we obtain

dQ (T, — Ty)? 1-3 5
dt /R (7—[ TgTj + ( T LAEE 73:) T (pe _pg)Q) da
1-3 8
+/R (< T, N TZ) K(pe — #g)2> dz. (2.30)

Assuming positive temperatures, we observe that all terms under the integral are

non-negative. Hence

dQ

— >0, 2.31
dt — ( )
in accordance with the second law. O
2.4.5. Internal energy evolution equations
By writing the fundamental thermodynamic differential as
Pk
Dier, = Ty Dysy + pTDtpk’ ke {g7€}, (232)
k

we may equivalently express the entropy equations (2.16)—(2.17) as internal energy
evolution equations:

0 0 ov * *
E(Pgageﬂ + %(Pgo‘gegv) TagPen = H(Ty —Ty) +p*T (e — pg) + W K(pe — pig)

(2.33)
and

a a a’U * *
a(l’foﬂf@l) + %(pzweev) + pey = H(Ty —T¢) +p" T (pg — pe) + 1" K(pug — pe)-
(2.34)

This result now follows from (2.1)—(2.2), (2.3) and (2.16)—(2.17) by expanding and
collecting derivatives.
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2.4.6. Kinetic energy evolution equations

Based on momentum conservation, kinetic energy evolution equations can also be
derived. In particular, by using conservation of total mass

dp 0 B
E + %(pv) = 0, (235)
we may write (2.4) as

ov ov 10
e + v% + ;% (agpg + aype) = 0. (2.36)
2.2) a

By collecting derivatives in (2.1), (2.2) and (2.36), we now obtain

g 1 2 +£ 1 3) & 2( )
oi \27s%Y ) T g5 \ 2Pe0s ) TV, (el

v 0 0 1
+ 2 (s g aapi) = prag (aape) ) = 50*K(os = ). (237

9 (L v —+—i 1 ap® —1—112((1 )
ar \ Pt oz \ gl O \epe
v

o 0 1
+ ; (Péaéax(agpg) - PgO‘gax(aém)) = §U2K(Ng — pe). (2.38)

2.4.7. The first law of thermodynamics

We now have sufficient results to show that our relaxation procedures respect the
first law of thermodynamics.

Proposition 2. The basic relaxation model described in this section conserves total
energy; in particular,

OE 0
= 4+ = (v(E = 2.
e + o (v(E 4 agpg + aupe)) =0, (2.39)
where
E=E, + Ey, (2.40)
1
Ey = prayg (e;C + 21},%) , kelg (] (2.41)

Proof. Add (2.33) to (2.37), as well as (2.34) to (2.38), to obtain energy evolution
equations for each phase:

OB, 0 v 0 0
87; + o (v(Eg + agpg)) + ’ (pgozgax(aepé) - Peaeam(agpg)>

1
=T~ 1)+ 5 T = )+ (4 507 Kl =), 22
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OFE, 0 v 0 0
B T 5y 0B+ ame)) + - (Peaeax(agpg) - Pgagax(aem)>
* * 1
— WL =T+ T =)+ (1 + 302 ) Kl — ). (249
Add (2.42) and (2.43) to obtain the result. |

2.5. Wave velocities

We have now established a basic relaxation model in a rather general form, where
the system is driven towards equilibria characterized by the pressures, temperatures
and chemical potentials being equal. In this section, we aim to derive the wave
velocities in the non-stiff limit of this model. To this end, we will find it convenient
to express the model in the following form:

dp 0
— + — = 2.44
2 () =0, (2.44)
K

DY = ;(W — Hg); (2.45)
Diay = T (pg — pe)s (2.46)
g(pfu)Jrg(pvzwLap + agpe) =0 (2.47)

ot dx ghg T B =5 '

H T =Ty P —pg B — g K
Dysg = + Tpe—pg)+ | —5— —s (e — pig),
e pgg Ty pecrgTy ¢ Ty ¢ Pglg ¢
(2.48)
H T, —-T, p*—pe W= pg K
Dysg = £ - s ) ——(pg —

e pecy Ty pea'Ty Jpe = po)+ ( T, o Peou (bt = p).

(2.49)
where
y = Pe%. (2.50)
p
Herein, (2.45) is obtained by writing (2.1) as
0 0

—(pY —(pYv) = — 2.51
5;(PY) + 5 (pYv) = Klpe — pig) (2.51)

and using (2.44).

Proposition 3. The vector of eigenvalues of the basic relazation model (2.44)-
(2.49) is given by

U—ZLQ

Ay = , (2.52)
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ag =Y+ (1-Y), (2.53)
dp >
= L) | kefg). 2.54
o= (52 o kele (2.5)
Proof. From (2.45)-(2.46) and (2.48)—(2.49), we see directly that (Y, oy, sg, s¢) are

characteristic variables corresponding to an eigenvalue with magnitude v. Now if
we set dY = day, = ds; = ds; = 0, we obtain the following reduced model:

dp 0
s, 2 = 2.
5 T s P0) =0, (2.55)
0 0 9
a(pv) + P (pv® + agpg + agpe) = 0. (2.56)
This can be written in quasilinear form:
g |p 0 110 [p]
at Lv} i [&3 —v? 20} O LJ -0 (257
where
az = 2(oz + aupr) (2.58)
0 8,0 el e Y,ag,5550 . .

Hence the two missing waves of the full model are sound waves with velocities v+ayg.
It now remains to prove that (2.53) and (2.58) are equivalent. The assumption of
constant entropies gives us

dpg = ¢} dpg, (2.59)
dpe = 2 dpy. (2.60)

Furthermore, the assumption of constant volume and mass fractions gives us

ay = &8 (dpg _Pe dp> S (dpg _ dp) —0, (2.61)
p p p p
Hence
dp = ﬁdpg = ﬁdpg. (2.62)
Pg Pe
We now recover (2.53) by using (2.59)—(2.60) and (2.62) in (2.58). O

3. Pressure Relaxation

In this section, we investigate the effect of p-relaxation in the basic model described
in Section 2. We expect the limit J — oo to correspond to replacing (2.3) with the
assumption

Pg =Dt = D- (3.1)
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Then from (2.23) we obtain:
p*=p. (3:2)

Now the energy equations (2.42)—(2.43) can be rewritten as

9By 0 Pgcg, O 9oy O
ot T ag VBt T g tr G g (eY)
1
=T~ T+ (4 02 Kl ), 63
oE, 0 pecy Op day O
ﬁ‘f'a*( EZ)+7 a‘i‘p(at‘i‘a(aﬂ)))

Furthermore, following the approach detailed in Ref. 6, we can derive volume frac-
tion evolution equations:

dag 0 paz v pa;
e 2 _ = r T T, — T,
ot + O (agv) O‘gpgcé o chépeC? (agle + cel'y) H(Te e)
=9
pa * *
+ —52— (ag(Tep* = Tohy + &) + cu(Tap™ — Tghg + ¢3)) K(pe — pg)  (3.5)
PgCePrCy
and
@—Fg(av)—a p&%@_ p&% (gl + aply) H(T, — Tp)
ot oz " epgc? dx — pgcipect ® T e gt
pa;
+—o " (ag(Tep” — Tohy + cf) + ar(Tgp” — Tghy + Cé)) K(pg = pe), (3.6
PgCePLCy
where

hi = ex + pﬂ vk € {g, }, (3.7)
k

T’y is the Grineisen coefficient:

re— L (aap) (3.8)
i \Oex ) .
and
a2 =p (ag + W) . (3.9)
P ché 950128
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3.1. The p-relaxed model

With respect to volume transfer, the relaxed model may now be written out in full

as follows:

o Mass conservation:

0 0
E(pgag) + %(Pgagv) = K(pe — pg), (3.10)
0 0
g (Peae) + - (pearv) = Klpg — pe). (3.11)
o Momentum conservation:
0] 0
a(pv) + %(mﬂ +p) =0. (3.12)
e FEnergy balance:
0E, 0 POy Op paz v
78 . Y (wE et 4 7p OF
ot + Ox (vEg) + Yor pagpgcg ox
r r
— (1 _ W) H(T, — T,)
PgOuCy + ProgCy
1, ag(Dep* —Tehg + ) + p(Tgp* — Tghg +¢2)
+p+ v — K(pe—pig),
(M 2" P Pg0ieCl + prog (e =ptg)
(3.13)
OFE, 0 pecy Op pdf) ov
=L Y (wE peee o8 T 77
ot + Ox (vEe) + p e +paepgc? Ox

2

agly + apl’y
- (1 — pg2g> H(T, — Ty)
PgQCs + PeQgCy

ag(Dop* = Tyhy + ¢f) 4+ ag(Dgp* — Tghy + c3)
PgeCt + pragcy

|
+ <u +5vi—p ) K (g —p1e).-
(3.14)
Herein, we obtain (3.13) and (3.14) by substituting (3.5)—(3.6) into (3.3)—(3.4).

3.2. Wave velocities

This model has been extensively analyzed by many authors.%'317 In particular, the
vector of eigenvalues is found to be:

v — ap

A=1| v |, (3.15)
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where the waves corresponding to the eigenvalue v represent one mass fraction wave
and one entropy wave for each phase. Herein, a, as given by (3.9), is a well-known,
classic expression sometimes referred to as the “Wood speed of sound”.!”

3.2.1. The subcharacteristic condition

We now wish to prove that the pressure-relaxed model satisfies the subcharacteristic
condition, in the sense of Definition 1, with respect to the basic model of Section 2.
From (2.53) and (3.9) we obtain

a,’> =a,° + 2, (3.16)
where
Lo QgQy 2
70 = a5 —2—— (pec? — pgc?)” . (3.17)
P 0 PgPéC?gC% ( g g)

Proposition 4. The relazed model (3.10)—(3.14) satisfies the subcharacteristic con-
dition with respect to the basic relaxation model of Section 2, subject only to the
physically fundamental conditions

pr >0, (3.18)
e >0, (3.19)
for k e {g,(}.

Proof. By (2.52) and (3.15), we observe that the interlacing condition of Defini-
tion 1 reduces to
do > dyp, (3.20)
which follows directly from (3.16)—(3.19) and the fact that
ay, € [0,1] ke {g(}. (3.21)

4. Pressure and Temperature Relaxation

We now consider pT-relaxation, i.e. the simultaneous relaxation of both the pressure
and temperature in the basic model of Section 2. This corresponds to taking the
limit

H — oo (4.1)

in the model (3.10)—(3.14). We expect this limit to be equivalent to making the
assumption

T,=T,=T (4.2)
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and replacing (3.13)—(3.14) with their sum. We thus obtain the following model:

o Mass conservation:

0 0
%(pgag) + %(pgagv) = K (e — Ng)> (4.3)
0 0
E(Peae) + %(Péaﬂ}) = K(ug — pe)- (4.4)
o Momentum conservation:
D () + (o2 +p) =0 (15)
gt P T g Y TR =R '
e FEnergy conservation:
0 0
o7 (Be+ B) + o (0(Bg + By +p)) = 0. (4.6)

4.1. Wave velocities

The general N-component version of this model was analyzed in Ref. 6 for the non-
stiff limit X — 0. The vector of eigenvalues corresponding to N = 2 was found to
be

v — de
Apr = . (4.7)
v+ de

Here the waves corresponding to the eigenvalue v represent one mass fraction wave
and one mixture entropy wave. Furthermore, the mixture sound velocity was found

as
d;Y% = d;Q + Z£T7 (4.8)
where
CosCoe (Te Ty \°
oo oot (T T o
pe T Cpe \pecy  pgCy
Herein, for k € {g, ¢}, Cp  are the extensive heat capacities
Cpk = PROkCp i (4.10)
where
8sk
=T|—+=) - 4.11
Cp.k ( oT )p ( )

Proposition 5. In the sense of Definition 1, the pT-relazed model (4.3)—(4.6) sat-
isfies the subcharacteristic condition with respect to the p-relaxed model of Section 3,
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subject only to the physically fundamental constraints

p >0, (4.12)
T >0, (4.13)
Cp,k > 0. (4.14)

The proof and further discussion may be found in Ref. 6.

5. Pressure and Material Relaxation

In this section, we investigate the effect of pu-relaxation, i.e. simultaneous relaxation
of pressure and chemical potential in the basic model presented in Section 2. This
corresponds to taking the limit K — oo in the model (3.10)-(3.14). We expect this
limit to correspond to the assumption that

Mg = He = p. (5.1)

From (2.27) we obtain
p=p (5:2)
Before proceeding to the model equations, we calculate some useful differentials.
Since the chemical potentials are equal, we know that dus = dug = dp. The

chemical potential is given by pur = ep + p/px — Trsk, which, together with the
fundamental thermodynamic differential (2.14), yields

1 1
duy=—dp—s,dTy = —dp — s, dT}. (5.3)
Pe Pg
We replace the temperature differential using
T, T,
ATy = 2 ap 4+ ~E as,. (5.4)
PECy, Cp.k

The pressure differential dp can be written as
dp = Ci dpk + p Tk dsg, k€ {g, f} (5.5)
Using the differentials (5.3)—(5.5), we can solve for dpy,

1
dpk = ?(Pe dsy + Pg dsg — PkaPk dSk)7 (56)
k
where
Gp) STy Pape seTuly  soTuTp\\
P, = :_&P—pe%—ppe glglg 7 5.7
¢ (8sg se Cpg ¢ ¢ PsCy pec; &7)
p s/Topgpe seTele s/l \\ ™
PgE() = & — e+ pgpe | 555 - : 5.8
Ose ) oo \ETET T T o 58

Solving the differential of the mixture density for doy yields

dp —agdps —apd
dag = PP 2P - oy, (5.9)
Pg — Pt
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while the phase mass differential is
dmy = pr dag + ay dpg. (5.10)

Now we insert (5.6) into (5.9) and (5.10), and abbreviate with a,, so the mass
differentials become

P, T.T
Pg — Pe Pg—Pe \ P Cg
T,r
_ et <€C~I,p2 —Qy €2€> dsy, (5.11)
Pe—pe \ P c
P, T,T’
dmy = pe dp — PPt (gd;Q —Og gQg) dsg
Pt — Pg Pe—Pg \ P Cq
T,T
_ _Pepe (fap2 . f2‘> dse. (5.12)
pe—pg \ p &
Finally, we have use for the velocity differential
1
dv = =(d(pv) — vdp). (5.13)
p

5.1. Mass evolution equations

We now take the entropy equations (2.48)—(2.49) from the basic model and let
J, K — oo, which corresponds to pressure and material relaxation, which yields

Dysg = H T —T, s (3ozgpg n aagpgv) 7 (5.14)
pey Ty Pelig ot Ox
H T, — Tg Sy aagp[ 804@/)@1}
D.s) — g _ 5.15
e pece Ty Peoey < ot + Oz ’ ( )

where we have replaced the chemical potential relaxation term using the mass
conservation equations (2.1)—(2.2). By using the product rule for derivatives on
Oz (apprv) and the differentials (5.11)—(5.13), we can reformulate the mass equa-
tions as

Omg 0 ov Pazzm PgtgSgTsChp e
+ 7(mgv) = 3. 2 2

ot = Ox Ox Py s3T50 0+ s7TiCp g

_ 2

a $.Cp ¢+ 50C,

—H(T, — T, NI’H g-'p, 8
T t) ( ap ) SéTgcpl + SETZCp,g

Fg F@ ) . pa?)u pgo‘gnggcp»f

CH(T, - T, - ,
(Ty v) <pgc§ pecs Py s2T,Cp 0+ s2TyCh g

(5.16)
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8mé + i(mév) = @pagu peaeSETKCI%g
ot Ox Ox Py s2TyCpy+ s7TiCp g
a $:Cp ¢+ 5,C
H(T. — T, o gsLp, P.g
U 2 < ap ) SngOpl + S?Técp@:
r Iy paz peagsT,C

+ H(T, — Ty ( & _ > Pi 8 . (5.17

(T ) peCa pec? Py s2T,Cp 0 + sPTChp g ( )

where
2
-~ ~_9 pCp,ng’e ( ( Tgl“g Tng))
Ay = Qp " + Pg — Pe+ pgpe | s — S¢ :
o b PEP?(Cp,eSETg + Cpes7Tr) s ¢ & chg pec;
(5.18)
5.2. Entropy evolution equations
Substituting (5.16)—(5.17) into (5.14)—(5.15), we obtain
s2T,C. 0
Disy + g 22 T
Py(s7TeCp g + 52T,Cpe) POz
_ AT =T (o <apu>2 55Cpt +50Cp g
Peg Ty E\ g 53 T5Cpt + s{TeCp g
r i) /)ElQ SQTngg
+H(T,; — T, ( £ — ) o - ’ 5.19
( &) Pec:  peci Py $2T,Cpu+ 53TiCp g (5.19)
and
2
T,
Duse + =25 TCrs a2 v
Pz(SETgcp_’g-l-Sngpre) PE Oz
B e v R (ap#)? $5Cpt + 50Cp g
peae Ty ap ) 53TeCpu+ siTeCpg
r Iy paZ, $2T,C
—’HT—T4< & _ ) Pt LT ps . (5.20
(T ) pgc:  pect Py s2T,Cp 0 + s7TiChp g (5.20)
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5.3. Energy evolution equations

Using (5.1)—(5.2), we may write the energy equations (3.13)—(3.14) as

OF 0 Py Op paz du
e s Dt 0,
g-g

ot ox
2 2 2
_ Py PggSeTsCp i (M + 1,02 erag(FZSZTZ — i) +ar(Tgsg Ty — Cg)) ov

Py s2T,Cpu + 53TiCp g 2 PgCueCl + pragcy oz

Oz
_ (1 B OégF( =+ Ozgrg
Pgec? + progc;

> H(T, — T,)

1 ag(TpseTy — 2) + ayp(Tyse Ty — 2
+H(T£_Tg) /,L+7’U2+p g( Zg ( gzg g g)
2 PgCucy + peagCy

. ( 5gCpe +50Cp g (dz)u>2 _ ( Ly L ) ) p&z%u PsgSg Ty Cp e )

séTgC’p,e + $2TCpg \ Gy pgcg pec? Py séTgC’p,z + $2TyCh g
(5.21)
oE, 0 pecy Op pdf, v
95 L 9 R pece OP Pp OV
ot * Oz (vBe) + p oz +po pec? Oz
B pdfm pecgsTeCh o N 11}2 N ag(TeseTy — c?) + oy(PgsegTy — cg) @
Py s2T,Cp 0+ s7TiCp g Ty p PgueCt + progc] Ox

r T
— (1 _ W) H(T, —Ty)
PgOlCq + PeQgCy
1 o (TpseTo — ) + ap(Tyus, T — 2
+H(Tg *Te) H+ 71}2 +p g( Zl ( gQg g g)
2 PglueC; + peaigCy

( 5gCpt + 50Cp g <&pu>2 n ( Ly L ) . Py pecsiTiCh,g )

SngCP,Z + Sngcp,g ap chﬁ - pec% Py SéTgcp,Z + S%Tlcp,g
(5.22)

where we have replaced the material relaxation term using the mass conservation
equations (5.16)—(5.17).

5.4. The ppu-relared model

The relaxed model with respect to phase and volume transfer may now be written
out in a simple form as follows:

o Mass conservation:
dp

0
% + %(pv) = 0. (5.23)
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o Momentum conservation:

0 0, o B
g(pv) + %(pv +p) =0. (5.24)
e FEntropy evolution:
0
Ty <at(:0gag3g) Pgagsg > H(T, — Ty), (5.25)
0
Ty a(ﬂéaesé) Pfaesw = H(Ty —Ty). (5.26)

Here we have used the relaxed versions of (2.18)—(2.19). Alternatively, one could
use the equivalent, but more obscure formulation (5.21)—(5.22).

5.5. Wave velocities

In this section, we wish to derive the wave velocities for the model (5.23)—(5.26) in
the non-stiff limit, i.e. when H — 0.

Proposition 6. The vector of eigenvalues of the pressure-material relaxation model
(5.23)—(5.26) is given by

U= Apy
v
Ay = , (5.27)
v
U+ py
where
any =y + 2P, (5.28)
is the mizture sound velocity, as defined in (5.18), where
PCpgChp,t ( 15T oLy
VA Pe — Pe+ pape | s — sy .(5.29)
- pﬁpi(cp,ﬁéTg + CpgsiTe) \° y ¢ PsCy pec f

Proof. By using the differentials (5.3)-(5.4) and (5.13), we can rewrite the system
in a quasi-linear form,

0 0 1 00 p
a |pv —v? 20 P, Pyl O |pv
— —_— =9, 5.30
ot | sg * —Vev Vg v 0| Oz |sg (5.30)
Se ViV, 0 v Se
where
$2T,C
Vy = g B B0 i, (5.31)
Py(s{TeCpg + s Tgcp,l)
27,
‘/Z S@ ecpg ~2 (532)

Pg(SngCpg + Sz 2T, Cp g)
Solving for the eigenvalues of this system yields Eq. (5.18). |
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5.5.1. The subcharacteristic condition

We now wish to show that the subcharacteristic condition is satisfied with respect
to the pressure relaxation model.

Proposition 7. The pressure-material relaxed model (5.23)—(5.26) satisfies the
subcharacteristic condition with respect to the pressure relaxation model of Section 3,
subject only to the physically fundamental conditions

pr. > 0, (5.33)
ci >0, (5.34)
e >0, (5.35)
Ty > 0, (5.36)

for k € {g, 0}

Proof. By (3.15) and (5.27), we observe that the interlacing condition of Defini-
tion 1 reduces to

p = Gy, (5.37)

which follows directly from (5.28)—(5.29) and the fact that the volume fractions ay
are within the unit interval. D

6. Full Relaxation

In this section, we consider the model that arises from assuming simultaneous equi-
librium in both volume, heat and phase transfer. This homogeneous equilibrium
model is expected to correspond to the limit L — oo in the model of Section 4 and
the limit H — oo in the model of Section 5.

We make the full equilibrium assumptions

Pg = P, (61)
T, =Ty,
Mg = K,

and formulate conservation equations for total mass, momentum and energy:

op O
2t T 5, (P0) =0, (6.4)
0 0
&(PW) + %(PU2 +p) =0, (6.5)
0 0
5 (Eq + E¢) + . (v(Eg + E¢ +p)) =0. (6.6)
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6.1. Wave velocities

The homogeneous equilibrium model is identical in structure to the Euler equations
for gas dynamics; consequently, the model has a wave structure given by

v — CNlpTM
ApTu = v 5 (67)
v+ deH

where the wave corresponding to the eigenvalue v transports the mixture entropy.
Saurel et al.'” state the following expression for QpTy:

a2 =a;2+pT |82 (88‘3>2 4 P (8@)2 1 ) (6.8)

Prn P g \NOP ) Cpt \OD )5y
Herein, the symbol (-)s. denotes differentiation along the boiling point curve, where
Mg = e (6.9)

6.2. The subcharacteristic condition with respect to pT-relaxation

In this section, we aim to show that the full-relaxation model satisfies the subchar-
acteristic condition with respect to the pressure-temperature-relaxation model of
Section 4. To this end, we rewrite the entropy derivatives,

8Sk> (&sk) <ask> <8T>
Pr) (B} L (EE) (22 6.10
< ap sat ap T or P 8]) sat ( )

By using the fundamental thermodynamic differential (2.14), the definition of
the sound velocity (2.54), the triple product rule and the Maxwell relation
(0p/0s), = —p?(0T /Op)s, we find that

oT r,T
() == (6.11)
o), — Pxc

The temperature derivative at the boiling curve is rewritten using the Clausius-

Clapeyron relation,
<8T) - _ M ) (6.12)
Op)sar  (hg —he)pgpe

We use the triple product rule once more, together with (4.11) and (6.11)—(6.12),
which yields

(ask> — _Fk?cp,k _ cp,k(pg - pé) (6 13)
8]7 sat pkci nge(hg - h/)

Inserting Eq. (6.13) into the sound velocity expression (6.8) and rearranging terms

yields

~—92 ~—2 T
Ay, = Gy + Z;f;T;N (6.14)
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where
T Pg — Pe r,C IVTe A
VA P ( £ (Cpg+ Cpp) + 22 4 —L2 )  (6.15)
pT Cp,g + Cp,Z ngé(hg o hl) P,g > ) pgcg P[C%

Proposition 8. The homogeneous equilibrium model (6.4)—(6.6) satisfies the sub-
characteristic condition with respect to the pressure-temperature relazation model of
Section 4, subject only to the physically fundamental conditions

pr > 0, (6.16)
Cpk > 0, (6.17)
T >0, (6.18)

for k € {g, (}.

Proof. By (4.7) and (6.7), we observe that the interlacing condition of Definition 1
reduces to
apr = ApTp,s (6.19)

which follows directly from (6.14)—(6.15) and the fact that the volume fractions oy
are within the unit interval. D

6.3. The subcharacteristic condition with respect to pu-relaxation

In this section, we aim to show that the full-relaxation model satisfies the sub-
characteristic condition with respect to the pressure-material relaxation model of
Section 5. We take (6.14) as our starting point, and by simply rearranging the terms
in a new manner, we get

Gpy, = e + 200, (6.20)
where
PR P (pe — pg)(Cpgse + Cpesg)
Py T(Cp sz + Cpgs?) Pepe(Se — Sg)

2 2 .2
pPe PgCyq PgCq pecy

+T
Cp,gse + Cpusg

Cp,gcp,ésgS@(Lﬁg + T ) + iCg,gsﬁ + - Cﬁ,ﬁﬁ)? (6 21)

Proposition 9. The homogeneous equilibrium model (6.4)—(6.6) satisfies the sub-

characteristic condition with respect to the pressure-temperature relazation model of
Section 5, subject only to the physically fundamental conditions

pr >0, (6.22)

cpi >0, (6.23)

T >0, (6.24)
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for k € {g,(}.
Proof. By (5.27) and (6.7), we observe that the interlacing condition of Definition 1
reduces to

Qpp 2 ApTy, (6.25)
which follows directly from (6.20)—(6.21) and the fact that the volume fractions ay,
are within the unit interval. O
Remark 1.

We have now considered 5 different relaxation processes, connecting 5 different
models as described in Figure 1. From (2.53) we see that the sound velocity of the
basic model reduces to the standard one-phase sound velocities in the limit where
one phase disappears; more precisely,

al;r_r)ll ap = cx, ke {gt}, (6.26)
where ¢y, is given by (2.54). Furthermore, we obtain from (3.17), (4.9) and (5.29):

lim Z9 = lim 7%, = lim ZP
ap—1 ap—1 p ar—1 pr

=0, ke {g,¢}. (6.27)

Consequently, p-relaxation, pT-relaxation and pu-relaxation all yield continuous
sound velocities in the one-phase limit.
However, from (6.15) and (6.21) we obtain

2
: pT  _ 1 P _ Pg — Pe Ty
m, Zpry = N, Zyry = cp.gT ( el —F) T cé) : (6.28)
2
: pT _ 1 pp Pg — Pe Iy
ozlzlgl 2yt = alelgl Zyry = ot (pg(hg — hy) * c?) ' (6.29)

Hence the sound velocity is discontinuous in the one-phase limit when thermal and
material relaxation are applied simultaneously, despite the fact that none of these
processes alone give rise to discontinuous behaviour. This result will be illustrated
in the following.

7. Illustrative Examples

In this section, we illustrate our results for some two-phase mixtures of practical
relevance.

7.1. Water and steam

We first consider a mixture of water and steam under atmospheric pressure; relevant
thermodynamic parameters representing this case are stated in Table 1. The mixture
sound velocities as a function of gas volume fraction are plotted in Figure 2. In
Figure 2(a), the sound velocities given by (2.53), (3.9), (4.8), (5.18) and (6.8) are
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Table 1. Water-steam mixture under atmospheric pressure.

Quantity gas (steam) liquid (water)
Pressure (MPa) 0.1 0.1
Temperature (K) 372.76 372.76
Density (kg/m3) 0.59031 958.64
Sound speed (m/s) 472.05 1543.4
ep (J/(kg - K)) 2075.9 4216.1
Entropy (m?2/(s? - K) 7358.8 1302.6

T" (dimensionless) 0.33699 0.4

Table 2. Two-phase CO2 mixture.

Quantity gas (CO2) liquid (CO2)
Pressure (MPa) 5 5
Temperature (K) 287.43 287.43
Density (kg/m?) 156.71 827.21
Sound speed (m/s) 201.54 398.89
ep (J/(kg - K)) 3138.0 3356.9
Entropy (m?/(s? - K) 1753.9 1128.8
I' (dimensionless) 0.30949 0.63175

plotted for the full velocity range. We note that p-relaxation has a very strong effect
on the sound velocity, which is reduced by more than an order of magnitude in the
two-phase region. The effect of the other relaxation procedures are hard to discern
from Figure 2(a).

In Figure 2(b), we focus on the physically interesting part of the plot. We observe
that p-relaxation and T-relaxation has little effect on the mixture sound velocity
when applied separately to the p-relaxed model.

However, when applied simultaneously, their effect is significant. The mixture
sound velocity is strongly reduced in the two-phase region. We also observe the
discontinuity in the one-phase limits, as stated by (6.28)—(6.29).

7.2. A two-phase CO2 mixture

We here consider a CO5 mixture under high pressure, representative of conditions
applying to pipeline transport. Thermodynamic parameters modelling such a case
are stated in Table 2.

The mixture sound velocities as a function of gas volume fraction are plotted
in Figure 3. Here all relaxation procedures contribute to significantly reducing the
mixture sound velocity. Note that just as for the water-steam mixture, the effects
of pT-relaxation and pu-relaxation are highly similar. For the full equilibrium ve-
locity apr,, we observe the expected discontinuity in the one-phase limits. This is
particularly pronounced for the transition to pure liquid.
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Fig. 2. Mixture sound velocities for models with different relaxation conditions for water and steam
at 1 bar and 100°C.
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Fig. 3. Mixture sound velocities for models with different equilibrium conditions for carbon dioxide
(CO2) at the boiling point (T=14.28°C) at 50 bar.

8. Summary

We have studied a hierarchy of relaxation model for two-phase flows, with a special
emphasis on the interplay between the effects of heat and phase transfer. We have
formulated explicit relaxation procedures for phase, heat and volume transfer that
respect the first and second law of thermodynamics. We have attempted to make
this formulation as general as possible.

By combining original and established results, we have systematically presented
the wave structures of the models arising from different levels of relaxation. Our
focus has been on the subcharacteristic condition. In this respect, we have provided
a somewhat original, and perhaps heuristically useful formulation; the subcharac-
teristic condition manifests itself as a hierarchy of sums-of-squares modifications to
the basic mixture sound velocity.

The fully relaxed equilibrium model gives rise to a discontinuous sound velocity
in the limit where one phase disappears. A final interesting observation is that this
phenomenon is not associated to any particular relaxation procedure, but arises in
our formulation only from the combination of heat and phase transfer equilibrium.
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