Computer Problem 1:
SIE 3090 - Guidance, Navigation, and Control

Roger Skjetne
March 12, 2003

1 Problem 1 (DSRYV)
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No. 1a)

The restoring moment in pitch can according to equation (3.124) of [1], be written
M = BG,Wsinf ~ —Mj, 6.
———
— Mo,

This gives L
My = —-BG, W < 0.

No. 1b)

According to equation (3.275) of [1], assume w = w = 0. Then the natural frequency in pitch is
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With U = 4.11 (m/s) we get:
6.684
wp = m =1.63 (rad/s)



The pitch period for U = 4.11 (m/s) becomes:

2
Ty =1 =385 (s).
wo

For a neutrally buoyant vessel, there is no natural frequency in heave, since it cannot have a “spring force.”

No. 1c¢)

First we have that 2{wy = % which gives that

d = 26mwg = 2£m\/% = 26Vkm.

We further recall from linear control theory that for a damped system, the poles are in general the complex conjugate
pair p1,2 = —a % jw such that
(s+a+jw)(s+a—jw) = s*+2as+a®+w?
s+ 26wps + wp.

Hence, a = £wg and a? + w? = wi = a? + r’w3 such that a® = (1 — 7?)w? and

(=L Viore

0

Together with the above equation, this gives

d=2vV1—-r2Vkm.

We have d = 2v/1 — r2v/km which gives:
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Plugging in numbers from DSRV.m

2
R < 0.01131 > 013,
21/0.0093 - 0.003498

This means that the frequency of the damped system is 13% of the undamped resonans frequency wyg.



No. 1d)

The dynamical equation is
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and can be written on the form
Mz + Dv + Gn =b,és.

(Note: we use the approximation U = Uy when defining My) With u = 0 we get the stationary equation:
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Assuming small angles 6,, = 0 so that
Wss = (ss = 07

the kinematic equations (1) for diving (pitch, heave) can be linearized around these stationary values:

2 = —Upsinf+wcost ~ —-Uyld +w
6 = ¢
or
1 |10 w L 0 —Up z
01710 1] ¢ 0 0 0
This gives the state-space model
1 = v+An
Me+Dv+Gn = bidg (3)
or in traditional notation, letting x := [T v"]" = [2,0,w,q]T, gives
. _ A, 1 0

The numerical values for the system is computed in the file (hydro.m):



% Hydrodynamic computations for DSRV

b

% Thor I. Fossen - NTNU 18.4.01

U0 = 4.11;

Iy = 0.001925;

m = 0.036391;

Mgdot = -0.001573; Zgdot = -0.000130;

Mwdot = -0.000146; Zwdot = -0.031545;

Mq = -0.01131; Zq = -0.017455;

Mw = 0.011175; Zw = -0.043938;

Mtheta = -0.156276/U0"2;

Mdelta = -0.012797; Zdelta = 0.027695;

M = [m-Zwdot -Zqdot; -Mwdot Iy-Mqdot];

D= [-Zw -Zq; -Mw -Mq ];

G = [0 0; O -Mthetal;

A1 = [0 -UO; 0 0];

BO = [Zdelta; Mdeltal;

A =T[ Al eye(2); -inv(M)*G  -inv(M)*D ];

damp (4)

Thohthte Qutput: %hhhhh

>>

Eigenvalue Damping Freq. (rad/s)

0.00e+000 -1.00e+000 0.00e+000
-4.15e-001 1.00e+000 4.15e-001
-1.73e+000 + 1.06e+0001 8.52e-001 2.03e+000
-1.73e+000 - 1.06e+0001 8.52e-001 2.03e+000

>>

Notice that there is two complex conjugated poles and two real poles

o= 0
P2 = —0.42
p3a = —173+51.06

where the zero eigenvalue correspond to the z-mode. The vessel is therefore critically stable under diving. It is intuitive
that the system is only critically stable in heave, since we earlier found that there is no resonans frequancy in this
mode due to no “spring force.” If it was stable in this state, it would have to go to the surface, z(t) — 0 as t — oc.
We notice that with (w,0) = 0 then 2 = 0 and thus z(t) = z(0), V¢t > 0. The entire positive z-axis therefore becomes
an equilibrium manifold for the linearized system.

In a regulator design, on the other hand, we can easily introduce feedback from z to regulate the depth to any
desired depth.

Notice also that the resonans frequency for pitch in the multivariable system

wp = 0.415 (rad/s)

which is higher than what you got in the assumed decoupled model in Problem 1b) and c), that is, 13% of 1.63 rad/s
= 0.22 rad/s. The reason for this is that the frequency is strongly affected by the coupling between heave and pitch.



The true pitch period is therefore:
2w

~ 0415

We may therefore conclude that the assumption of a decoupled model is NOT valid, and hence a regulator design
should be multivariable.

Ty =15.14 (s).

2 Problem 2

We will develop an LQR PID state space regulator in this problem. The model is given by the linear system (4). Let
a reference depth be 2, which gives 1, = [2, 0] 7. Let ) = 7 — n,.. This gives

N=f=v+An=v+Af+An =v+Ai

since Ajmn, = 0. To obtain integral action, define the integrator state

Let now the full state be

We then have

. 0 J 0 0

X = 0 A, I X+ 0 bs = A X+ B.ds (5a)
0 -M'G -M'D M~ 1b,

Yy = [ I3><3 0 ] = CEX <5b)

where we view the states e and 7) as the output. Now we want to find the state feedback gain that minimizes the cost
function

J = /OO [QGe(t)Q + @ 2(t) + qob(t) + 7’6s(t)2] dt
0

/0 T XT(0)CTQC,X(1) + rés()?] db (6)
where Q = diag(¢e, ¢, gs). The optimal control is then given by
8y = —%BZPCX = KX (7)
and P, is the solution to the Algebraic Riccati Equation (ARE):
P.A.+A]P,~PB, B]P,+C]QC, =0 (®)

which is solved by the command are.m. Recall that for a feasible solution to exist, then (A., B,) must be controllable
and (C,, A_.) must be observable. We get the closed-loop:

X =(A.—B.K,i4) X

and it is your task to check that this system has negative eigenvalues (which is always true if (A, B,) is controllable
and (C,, A,) is observable).

A simulation is performed using Simulink, as shown in Figure 1:

Remember that the kontroller s = —K,;¢X is based on the linearized model. In the simulation, we use the true
nonlinear plant with saturation on the rudder and nonlinear kinematics. Clearly, going from z = 10m to z = 100m is a
large step. However, using the weight in the cost function, » = 100000 and Q = diag(0.04, 100, 100) will give adequate
performance. With initial conditions: z(0) = 0, e(0) = 0, and x(0) =[0 010 0] " and a step in z : 10m — 100m at
t = 150s, we get the responses as shown in Figure 2:
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Figure 1: Block diagram of the PID state feedback closed-loop system.

We see that the rudder is NOT saturating, even for the BIG step. And the response is nice and smooth. The
power of the method is that tuning is easy, since the weights r and Q affects the physical quantities 65 and (e, Z, 6)
directly in the time-domain.
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Figure 2: Output responses:

a) z(t) b) 6(t) ¢) 65(t) d) =(t) vs. z(t)



3 Problem 3

We will now develop a Kalman filter to estimate all the states of the plant, including the unmeasured states w and
q. Assuming the noise covariance matrices are constant, we use a stationary solution to the Riccati equation in our
Kalman filter. With the augmented integrator state, the linear plant is given by (9):

. 0 J 0 0

X = 0 A, I X+ 0 b5 =A.X+B.0s+E.w(t) (9a)
0 -M'G -M"'D M~'b,

y = [Isxs 0]=C.X+v(t) (9b)

where w is dynamic (process) disturbances and v is measurement noise (both assumed white noise)

0 0 0 0
1 0 0 0 Z Ve

E=|0 £ 0 0 , W= we , v=| v,
0 0 1 0 w Ve
0 0 0 & “a

Assume the noise sources are modeled by a Gauss distribution, i.e., w ~N (0, Q,) og v ~N (0, R,) where Q,, and R,,
are two weight matrices reflecting the standard deviation of the disturbances. Note that R, are usually accurately
given by the specifications of the measurement equipment. Q,, on the other hand needs knowledge from environmental
disturbance models and statistical data. We assume R, = F {VVT} = diag(r1,r2,73) and Q,, = diag(q1, g2, q3, q4)-

In the simulation of Problem 2, we have verified that this system is both controllable and observable. We design
the observer states by copying the plant 4+ an extra injection term Ly :

X = AX+B.s+Lly—7]
y = C.X.
The estimation error is Z = X — X which gives
Z = AX+BJs+Ew(t)—AX-B.ds—Lly 73]
= A.Z - L[CcX +v(t) — CX]| + E.w(t)
(Ac —LC.)Z —Lv(t) + E.w(t). (10)

Looking at the expected value of (10), we get
5 {2}

d
%E{Z}

E{(A. —LC.)Z —Lv(t) + E.w(t)}

(Ae —LC.) E{Z} ~LE{v(t)} + E.E {w(1)}
(Ae - LCE) E {Z}

since the expected value of white noise is zero (see [2] for details). Consequently, if A, — LC, is a Hurwitz matrix
(negative eigenvalues), then the expected value of the estimation error is regulated to zero. It follows that as ¢t — oo,

E {X(t)} — E{X(t)}. In a Luenberger observer, we would choose the gain vector L by pole placement, where the

poles of A, — LC. should be about 5 — 10 times faster than the poles of the state feedback closed-loop A.—BcKiq.
In the Kalman filter, on the other hand, we calculate L from the Riccati equation

L=P,(t)C/R,"
where
P, = A.P,+P,A] —-P,C/R;!C.P,+E.Q,E, (11)
P,(0)=E {(X 0) - X (0)) (X 0)—X (0))T]



As mentioned above, assuming a stationary solution for (11) we instead solve the algebraic Riccati equation:
A.P,+P,A! -P,C/R;'C.P,+E.Q,E/ =0 (12)

Notice that this equation is somewhat different than (8) with respect to transposes, etc. This gives the constant gain
vector L = P,C/R! that is used in the observer.

We have already designed an optimal linear PID controller in Problem 2. Next, we extend that simulation
with the observer we just have developed. See the corresponding simulink model for the entire system in file
“Compl1 WithKF.mdl”. Since the estimation introduces extra initial transients and the model now contains heavy
disturbances, we have changed the settings of the PID controller to: » = 108, Q = diag(0.01, 4000, 200). Similarly,
we have for the Kalman filter: R, = diag(1,1, 1g55) and Q, = 0.5I4x4. To see the rest of the parameters, see the
corresponding simulink model, and the m-file “CompI WithKF run.m” that runs the simulation.
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Figure 3: The responses for the total system with a Kalman filter estimating all states. Simulation performed with
noisy measurements and process disturbances.

We clearly see in Figure 3 that the estimated states track the true states. Also we avoid saturation, even for the



large step 2z, : 10m — 100m.
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Figure 4: Heave speed w(t) and pitch rate ¢(t) and their estimated values w(t) and §(t).

In Figure 4 we see that the estimated speeds track the true speed pretty good, at least in the mean, which is the
intention of the Kalman filter.

Estimation Errors
10 :

— e~
— 2~
— W~
—

1 1 I 1
50 100 150 200 250 300 350 400
Time (sec.)

Figure 5: Estimation errors for the estimated states [é(t), 3(1),0(t), w(t), q(t)} in the Kalman filter. A large transient
happens when the set-point switches for z,., but are regulated fast back to a neighborhood of zero.

Finally, we see in Figure 5 that the estimation errors are small, and zero in the mean.
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