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Solution 1
The system is given by

0= R(¢)w

and

Jldjl = (J2 — Jg) Wos + T1
szz = <J3 — Jl)wgwl + 79
J3d)3 = (Jl — Jg) WiWe + T3

where ¢ = [¢, ¢y ¢3]" is the orientation vector, w = [wy wy ws]” is a vector of
angular velocity along the principal axes, T = [T1 T2 Tg]T is a vector of torque
inputs applied about the principal axes and J; are the principal moments of
inertia. Further, we have that R (¢) = RT (¢) and we assume that R (¢) is
non singular in out domain of interest (R (¢) is non singular on Dy but not
on R3).

1. When analyzing a system it is often preferable to express it in compact
form of vectors and matrixes to reduce the amount of equations one has
to work on. When doing this, working with differential equations on a
compact form, it is important to locate properties of the various vectors
and matrixes involved in order to take advantage of these properties in
the analysis.

(a) The first equation '
¢=R())w
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is already given. Properties connected to this differential equation
is that R (¢) = RT (¢) and that R (¢) is non singular on Dy (which
we assume contains our domain of interest). Our task is therefore
to find M and C (w). It is easily seen that

M:dzag {Jl, JQ, Jg}

and it follows that
M=M'>0

What remains is to show that

(J2 - J3) Waols
(J3 - Jl)W3W1
(Jl — Jg) WiWe

Cw)w=

and that C' (w) = —C7 (w). This implies that

0 o1 (w) e (w) w1
Clww=| —c(w) 0 c3 (w) Wa
—co (W) —c3(w) 0 w3

and

1 (W)wa + ¢ (W) ws (Jo — J3) wows

= Jowaows — J3waws
(J:s - Jl) Ws3w1

= Jawsw — Jiwsw

—C(W)wy — ez (W)wy = (J1 — J2) wiws

Jiwiwy — Jowiws

—c1 (w) wy + c3 (W) ws

where it can be recognized that

C1 (w) = klw;g
Co (CU) = ]{72(,02
C3 (O.)) = ]ngl
and
ky +ky = Jo—Js
—kl + k3 J3 — J1
—]{32 — ]{33 Jl — J2
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where it is seen that

lfl — —Jg
:['6'2 = J2
ks = —Ji
which gives
[ 0 klwg kgwg
O(W) = —k1w3 0 k3w1
_—]{ZQCUQ —k3w1 0
[ 0 —J3W3 J2w2
= J3Cd3 0 _lel
_—Jgtdg lel 0

(b) Since we are solving the stabilization problem, we are working
with constant references. The equilibrium of interest is shifted to
the origin according to

e = o=y
€y = W — Wy
= W

and in order to apply our analyzing tools we will hereafter analyse
the differential equations

b = &— @y

and

€y = W
= Mé220(62>62+7'

The stability properties shown for e = [e] eg]T = [0 0]" will now
] =

be the same as the stability properties of the point [ng wl
T 17T
(60 wi]
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2. A storage function is given by

1 1
Vi(e) = iegMeg + ieprel

where K, = KpT > 0.

(a) The storage function may be interpreted as the total energy of
the system, where the term %e2TM eo describes the kinetic energy
of the system (related to motion/velocity) and the term %G{erl
counts for the potential energy in the system (related to deviation
in position/orientation).

(b) To find a suitable output based on passivity, we start by calculat-
ing the time derivative of the storage function along the solution

of the system
’ 1 -T 1 T . 1'T 1 T .
Vie) = 562 Mesy + 562 Meéy + 561 Kper + 561 Kpé,

= e3 Méy + el Kyéy
= e1 (C(ex)ea+7)+ e K,R()er
e3C (ea) ea + i1+ e] KR () e

Since C'(ey) is skew symmetric we have that el C (e3) e = 0, this
can be seen by

1 1
e3C (eg)es = §e2TC' (e2) €2 + 5650 (e2) €2

1 1

= 5650 (62) €9 + 5 (C (62) 62)T (eQT)
1 1

= 56;0 (62) ()] + §€§CT (62) €9
1 1

= 5650 (62) €y — 5650 (62) ()]

=0

T

Further, it can be seen that ey is a common factor in the remaining
term. Exploiting this leads to the following expression for V (e)

14 () = el7+ er{KpR (¢) eo
= 7+ (e1 Kp) (R(0) e2)
= 3T+ (R()e2) (1K)
= eJT+e R () K, e
= es7+es R(¢) Kpeq
eg (T + R (¢) erl)
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(c)

This last equation suggests that we may choose to make a control
law with ey as output, which is the angular velocity of the system.
This is justified by the fact that we may choose T to cancel the term
R (¢) Kpe1 and leave a fictive control input, making the system
passive from the fictive input to es. Note that this choice of control
input, T, does not imply that we are only making use of feedback
from the angular velocity, only that we can achieve some passivity
properties with respect tow as output (we are possibly making use
of feedback from the orientation to cancel the term R (¢) Kpe;).

Since we do not know anything of the sing of R (¢), it is impossi-
ble to conclude any passivity properties of the system with w as
output.

3. Using the same storage function as above, we have that

and

1 1
Vie) = EegMeg + §€1TKp€1

vV (e) = el (t+ R(0) K,e)

Since T is our control input, we are free to choose it as we wish as long
as it is defined (not infinity).

(a)

(b)

In the case of making the system lossless from v to es we must
choose it such that

14 (e) = eva

This implies that the control input, 7, is taken as
T=—R(¢)Kpes +v

where v is our new fictive input.

Since the system is passive with a positive definite storage function

1 1
Ve = §€§M€2+§€{Kp€1
1 1
> 5 Amin (M) fleally + 5 Amin () [lesll3

we know that the equilibrium [¢} wdT]T is stable (Lemma 6.6).
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(c) In the case of making the system output strictly passive from v to

(d)

ey we must choose it such that
V(e) <elv—exples), eaples) > 0Vey #0

where we desire esp (€5) = ded ey in order to draw conclusions with
respect to stability. This leads to the choice of

T=—R(¢) Kper — Kgea +v, K, = K} >0
which results in
Vi) = e (1+R () Kyer)
es (—R(¢) Kyer — Kaez + v + R (¢) Kpe1)
= —elKey+edv

_)\max (Kd> 6;62 + 651)

IN

and the system is output strictly passive from v to w with § =
)‘max (Kd)

The control input making the system output strictly passive has
added the term —Kyey. This term may be interpreted as adding
damping to the system with respect to position since it appears
in with respect to the angular velocity w. In the actual system
equations it will appear together with the skew symmetric matrix

Még = 0(62)€2+T
= Cl(ex)ea — R(¢) Kper — Kgea +v
= (Cl(es) — Ky)ea — R(¢) Kper +v
N—_—
adding damping

or

Mw = (C(w) = Ka)w — R(¢) Kp (¢ — ¢g) + v

(e) In addition to the stated results due to the property of lossless,

we can conclude that the system is finite gain Lo stable from v
to w with an Ly gain less than or equal to 1/0 (Lemma 6.5). To
conclude with the stronger result of asymptotically stable, we need
to show that the system is zero-state observable. This is confirmed

by

w = 0 ey=0andés=0andé; =0
= Méy = (Cles) — Ky)ea — R(¢) Kpep =0
= —R(¢)K,e1 =0
= e =09 e D,
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since R (¢) is non singular on D,. Hence, no solution can stay
identical in w = 0 other than the trivial solution [ng (t) W (t)]T =
[gzﬁg O}T. This implies that we can conclude asymptotic stability
of the equilibrium (¢, w) = (¢,4,0) in the system

¢ = R(P)w
Mo = Cww+rT

where the control input is given by

T=—R(¢) K (6 = ¢q) — Kaw

Even though the storage function is positive definite and radially
unbounded, we may not conclude global asymptotic stability of
the equilibrium. This is due to the fact that R (¢) is only guaran-
teed to be non singular on D.

4. This part is solved by considering properties of feedback systems when
both systems possess some passivity properties. Figure 6.11 in Khalil
shows the feedback connection applied to draw conclusions. To avoid
confusion with respect to notation, the signals e; and ey in the figure
are replaced by z, and zy respectively.

(a)

(b)

In order to draw conclusions of asymptotic stability (Lyapunov
stability) and robustness (L, stability), we at least require the two
feedback components to be output strictly passive. This leads to
the choice of the control input

T=—R(¢p) Kpes — Kgea +v

since this turns the system output strictly passive and zero-state
observable with v as input and w as output. Further, let y; and ys
in the figure represent v and e, respectively (system H, represents
the spacecraft in closed loop with the control law T (¢, w, 0) which
already is shown asymptotically stable). This implies that u; rep-
resents measurement noise with respect to the rotational velocity
and uy represents actuator noise with respect to the control law
v.

To improve the steady state behavior of the rotational velocity we
desire some integral effect with respect to e;. This can be achieved
by using the PID control law

(1+Ts) (1 + Tis)
(14 B8Tis) (1 + alys)

hprp (S) = Kpﬁ
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where 0 < Ty < T;, 1 < [ < oo and 0 < a < 1. By choosing
Hy = hpyp (s) we are guaranteed integral effect of the rotational
velocity (—eg). Further, the output of Hy is given by v which
we are free to choose. The proposed PID control law is known
to be output strictly passive and zero state observable. Since
both dynamic systems are output strictly passive and zero-state
observable, we conclude that the equilibrium (¢,w) = (¢4,0) is
asymptotically stable. No global results can be concluded since
R (¢) is non singular only on D.

It is not possible to use the same approach to cope with a steady
state deviation in the orientation. The approach used is based
on a relatively strict passivity property with respect to v and w.
Since we do not have any passivity properties with respect to v
and (¢ — ¢,) we are not able to use the same approach.

(c) In order to draw any robustness conclusions with respect to un-
certainty in measurements and actuators of the proposed system,
we require that both feedback components impose the property of
output strictly passive with the output strictly part in the form
dy"y. Since we do not know if the PID control law imposes this
property, we are not able to draw any conclusions.

Solution 2 (Exercise 14.30 a) in Khalil)
The system is given by

T = T1T2

.fg = x1+u

where we globally stabilize the origin. If we follow the steps from Khalil, the
design of u is done in six steps

e Step one consists of formulating the system to fit a general backstep-
ping form and then use the input to transform the system into an
integrator backstepping form. Following the notation of Khalil, it can
be recognized that

n o= T

f = I3
fm) =0
g(n) = n
fa(m,§) = n
9a(m,§) = 1
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and the system is given by

o= Jf+gme
g = fa<n>€)+ga<n>£)u

The system is transformed into a integrator backstepping form by
choosing the input as

1

u = ;;zﬁjgj(lhb—-fﬁ(ﬁ»f))

_— u(l — ’[’/
where u,, is considered the input in the integrator backstepping form.

e Step two consists of designing a control law ¢ () such that the origin
of

n=fm+gmnemn

turns asymptotically stable by using a Lyapunov function. In addition
to this we require that ¢ (0) = 0. Using a quadratic Lyapunov function,
the stability of the origin is and the choice of ¢ (n) is found according
to
1
Vv = -’
- (n) 51
Viin) = m
= n(f () +gm) )
= 17’0 (n)
= —’]’]4
where

o (n) = —n*

e Step three consists of defining a variable z = £ — ¢ (n) which is used to
analyze the fact that & differs from ¢ (n) in the actual system.

e Step four consists of dividing the control input according to

Uy =V + (/5
e Step five consists of choosing the control v according to
Vo= —g—‘; (n) — k=
= —m—k(E—¢(n)
= ' —k(+n?)

where k > 0.
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e Step five consists of summing up the control law according to

U = Ug—1N
vt G =1
= ' —k(E+0") =20 —n
= 0’ —k(E+0°) —2mE —1

= —(1+k+2)n*—n—kE
— (1 + k4 229) 22 — 11 — ky

Since V' (n) is a radially unbounded Lyapunov function and the results
hold globally, we conclude that the system is globally asymptotically
stable.

Solution 3 (Exercise 14.31 in Khalil)
The system is given by

T1 = xata+ (xl —a1/3)3

Z"g = x1+tu
As in the previous exercise the system is in the form of (14.53)-(14.54) with

f = a+ (:L‘l —al/3)3

g =1
fa = I
o = 1
Take
o(r)) = —a—(xl—a1/3)3—x
1

and use (14.56).

Solution 4 (Exercise 14.34 in Khalil)
The system is given by

I.l = —I1+ T2
.fg = I1 —T9—T1T3+ U
Zi‘3 = I+ T1T2 — 2!133
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1. Since we are evaluating the stability of the origin, let z; = z1 and x5
be considered as input in the first equation
2'1 = —T1+ X9
= —21+ ¢+ 2
where
2y =Ty — @y

The system is analyzed according to

1
Vi = 523
Vi = 214

21 (=21 + ¢ + 22)
—Z% + zlqbl + 2172

by choosing ¢, = 0 we have that the origin of z; is "stable" with
“/1 = —Z% + 2179

The next step consists of including the zs dynamics in the analysis
1

Vé = ‘/1—"523

V2 = V1 + 2929
= —Z% + 2129 + Z9 (ig — ¢1>
= 22+ znm+ 2T — 19— 2173 + )
= 2+ zztzn(z— 25— 023+ u)
= =22 — 22+ 20 (221 — 2173 + )
and by choosing
u = —221 + 2123
= —2£L'1 + 123

it can be recognized that the origin is asymptotically stable. By further
investigation we see that the dynamics is globally exponential stable by
our choice of u. This is seen from the Lyapunov function for the system

v o= L@

2

1
= §||($17$2)H§
Vo= —|l(z1, 7))
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2. We have shown that the two first states in the model will converge
exponentially to the origin (even when x3 is unstable). To show that
the overall system is asymptotically stable we must show that the last
dynamic equation is asymptotically stale. 'To do this we apply the
theory of cascade system and input-to-state stability, where

.fg = x1+T129 — 2I3

= —21’3 =+ z3

where z3 = x1 + x122. Due to the exponential stability of 1 and s,
we have that

|21 + 2122

[l + s

=zl + flza] 2]

< Ky ||z (0)]] e ilt=t) 4 f |21 (0)| e mlt=to) |22 (0)]] e~ 12(t=t0)

2]l

IN

which shows that ||z3]| is exponentially stable (globally asymptotically
stable). Using the theory of cascade systems, we can conclude global
asymptotically stability of the overall system if x3 is input-to-state sta-
ble. We start by noticing that the origin of x3 is globally asymptotically
stable when z3 = 0, which implies that the dynamics may be ISS. The
ISS property is analyzed with a standard quadratic function

1

Vs = §I§

Vs = 33
= x3(—2x3+ 23)
= —21’% + X323

—2(1 —0) 22 — 2022 + 1323

< =2(1 = 0) llwslly — 26 [lasll; + w5z
2

= —2(1=0) [laslly — (20 [|sll, = [Izs]]) ls]l,
2

< =2(1=0) flwslly, V20 [lslly > |2l

which shows that the system Is input to state stable (z3 regarded as
input) with

Wi = 2(1—0)]zs;
Lzl
- gy l*

0 < 0«1
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