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Solution 1 (Exercise 13.1 in Khalil)
The system is given by

Mo = P — D§+n,E,sin (6)

TE; = —nyE;+nzcos (8) + Epp
which is rewritten in the form & = f (x) + g (z) u using
T, = 0
Ty = 6
r3 = F
u = FEpp

This results in the system
l"l = T2
1 .
iy = — (P — Dxy+ nxssin (1))
M
1

T3 = o (=maw3 + ngcos (71) + u)
where it can be seen that
_ ”
flx) = | 37 (P = Day+mywgsin (a1))
| 2 (—mpx3 4 nycos(z1))
[0
g(x) = 0
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1. The output is given by y = § = x1 = h(x). The relative degree is

(1’1) + — XT3

7, Osin(z1) .

X1

M (9131

found as
y = I
§ o= @
y = I
1
= o (P — Dxy + nyxgsin (x1))
D
Yy = —Mi'g + %Ig sin
D1
MM

= ——— (P — Dxy+ nyz3sin (1)) sin (1)

+ M gin (1) (—myx3 + 13 cos (x1) + u)

TM

—|—ﬂx3 COS (ZEI) i)

M

The region Dy on which the system has relative degree p = 3 is found

from

LeLi ™ h ()

LyL3h (2)

I gin (1)

M
0Vx € DO

where Dy = {x € R3|sin (z;) # 0}. External variables of the normal
form is given by evaluating the Lie Derivative of h with respect to f

§ = h(v)
= I
§y = th(x)
= :(j2
§s = Lfch(ac)
1

= — (P — Dxgy + nyzssin(xy))

M

Since the relative degree equals the dimension of the system, we have
no internal dynamics and the system is minimum phase.

2. The output is given by y = 6 + 0 = x1 + yzo = h(z) where v # 0.
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The relative degree is found as

Yy = T1+7%2
y = T+ YT

1 .
= Tty (P — Dxy + nyxssin (x1))

D 1
= <1 — 7—) To + mxgsin(xl) +’7P—

@.
83533

= [ Thzzcos(z) (

= ml’g cos (1) T

M

vD
1 =) —
(1-37) 7

YT

1— 22

M

D) Lhsin(z) | @

(P — Dxy + nyxgsin (1))

+——sin (x1) (—nyx3 + N3 cos (z1) + u)

M

The region Dy on which the system has relative degree p = 2 is found

from

LoL5 ™ h (x)

LyLh (z)
% sin (1)

O\VII’GDO

where Dy = {x € R3|sin (1) # 0}. External variables of the normal
form is found by evaluating the Lie Derivative of h with respect to f

& = h(z)
= T1+ YT
§& = Lgh(x)
_ Oh(x)
= B
= [1 7 0]f(2)

= X9+ A (P — Dxy + nyxgsin (1))

M

9¢(x)

The internal dynamics n = ¢ () is chosen to satisfy <5=¢g (x) = 0 and

ox

the existence of T~ (z) in Dy. It can be verified that ¢ (x) = z; meets

3



TTK4150 Nonlinear Control Systems Solution 6

these conditions. With ¢ (x) = x, we have that

U]

fO (777 6)

The system is said to be minimum phase if the zero dynamics, ) =
fo(n,0), has an asymptotically stable equilibrium point in the domain
of interest. From 7 = fq(n,0) —%77 it can be recognized that the
origin of 1) is asymptotically stable.

Solution 2 (Exercise 13.2 in Khalil)
The system is given by

Z"l = —T1+To2— T3
i‘g = —I1T3— T2+ U
I'g = —I+tu

Y T3

Rewriting this model on the form & = f (z) + g (x) u results in

[ —X1 + X9 — T3
f (l’) = —T1x3 — T2
. _xl
[0
glx) = |1
i 1

1. The relative degree is found from

Yy = I3
y = 3
= —r+tu

which shows that the system has relative degree 1 in R3. Hence, the
system is input-output linearizable.
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2. The external part of the normal form is given by

§& = h(z)

= LL’3

To find the internal dynamics we start by setting up the requirements

on 2%
9¢
G0l = [ 5 5 e
_ 09, | 99,
N 8x2+8x3
=0
O I
“Zgx) = |52 52 32w
_ 09y 0%
N 8x2+8x3
=0
By choosing
¢ (z) = m
¢y (x) = m3— 13

we obtain a global diffeomorphism

oy
T(l’) = To — I3
[ 1
= 1 -1 |=x
i 1
and a normal form
771 = i
= =N+
Ny = Tg— T3

= —Tr3—Tatut+zT—U
= —m& — (e +a3) + 1y
= m—N—& — &

& = mtu
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3. To investigate if the system is minimum phase, we analyze the zero
dynamics

77 = f0(777€)|§:(]
_ l —M My ”
=1 =& —m& £=0
_ -1 1
- { 1 -1

where it can be seen that the origin is not asymptotically stable. Hence,
the system is not minimum phase.

Solution 3
The system is rewritten as

= J@)+g(@)u

= h(x)
where
C
f(z) = T1T2
L X2
-
glx) = | 1
| 0
h(x) = w3

1. The relative degree is found by derivative y with respect to time

y = I3
Yy = I3
= x2
y = Iz
= I1To+u

where it can be seen that the system has a relative degree p = 2 in
x € R?. Since §j = L}h (x) + LyLsh (2) u we have that
Lih(z) = Lih(x)
= I1x2
LeLi™'h(z) = LyLgh ()
=1
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2. Since the system has a relative degree it is input-output linearizable.

3. The variables for the external dynamics are found according to

§& = h(x)
= I3

§y = th($>
_ Oh(z)
a ox /
= Iy

The coordinates for the internal dynamics is chosen such that T (x)
is diffeomorphism on R3 and af,;—gf)g (r) = 0 on R?, Where[n,fT]T =
[¢(x),v (x)] =T (z). In addition to this we require ¢ (0) = 0 in order
to have the origin as equilibrium. We start by calculating

00 () op(z) Oo(z) Op(x e

09 (x) L, 0 ()

N 8:61 e 8.1'2

=0

and based on these calculations we try

0p(z) _
&rl
000 .
a.TQ

which implies that
¢(x) =11 — €™ +c
where ¢ is some constant. This constant is chosen to satisfy our re-
quirement ¢ (0) =0
$(0) = —e+c
—1+c¢
= c=1

Our resulting coordinate transformation is now given by

Ui Ty —e*? 41
& | = €3
&5 L2
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and it can be recognized that

X
) =
T2

and consequently the inverse transformation exists.
be recognized that T (x) and T1
Hence, T (z) is diffeomorphism on R* and T (0)

4. The system may be rewritten as

Oe*2
T
8.1'2

no= 1=

—x1 + e"?u — e

n+etz—1
3
&1

Further, it can
(x) are continuously differentiable.
=T-1(0)=0.

($1$2 + U)

—x1 — €212

= —(n+e”
= (1 —n—
= (1 —n—é
and
é _
Yy = ch
where

) + (1 —n— 652) 65252

) (L+

e (n+e™ — 1)z

5252)

A + By (7) (u— o (z))
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5. The zero dynamics is given by

D= fo(m8)les
(1 -n- 652) (1 + 65252) }gzo
= (I-n-1)(1+0)
= N
which has an asymptotically stable equilibrium at the origin.

6. The external dynamics is given by
é = Ac§ + Bc’y (l’) (u —Q (l’))

By choosing
u=~y"1(x)v+a(z)

the zero dynamics is given by
é = Al + B

Since the system is controllable, rank ([A, AB]) = 2, it can be sta-
bilized by a control input v = —K¢ where K is chosen such that
(A. — B.K) is Hurwitz. Since ) = fo (n,&)| ¢—o is asymptotically stable,
the origin of the entire system is asymptotically stable.

7. Let
o[
— ¢-R
u = v (2)(v+7) +a(n)

The system is rewritten as

77 = f0<77>€+R)
e = A.e+ B

and since (A., B.) is controllable, the loop is closed with v = —K¢
where K is chosen such that (A. — B.K) is Hurwitz. Since?) = fo (n,§)l¢—g
is asymptotically stable, the origin of the entire system is asymptoti-
cally stable.



